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Abstract

We analyse in a unified way how the presence of a trader with privilege
information makes the market to be efficient when the release time is
known. We establish a general relation between the problem of finding
an equilibrium and the problem of enlargement of filtrations. We also
consider the case where the time of announcement is random. In such a
case the market is not fully efficient and there exists equilibrium if the
sensitivity of prices with respect to the global demand is time decreasing
according with the distribution of the random time.

Key words: Market microstructure, insider trading, stochastic con-
trol, semimartingales.
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1 Introduction

Models of financial markets with the presence of an insider or informational
asymmetries have a great literature, see e.g Karatzas and Pikovsky (1996),
Amendiger et. al. (1998), Imkeller et. al. (2001), Corcuera et. al. (2004),
Biagini and Oksendal (2005), Kohatsu-Higa (2007), Di Nunno et. al. (2008)
and the references there in. In most of these models prices are fixed exogenously,
the insider does not affect the stock price dynamics and the privilege informa-
tion is a functional of the stock price process: the maximum, the final value,
etc. As pointed by Danilova (2010) in an equilibrium situation market prices
are determined by the demand of market participants, so in such a situation the
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privilege information cannot be a functional of the stock price process because
this implies the knowledge of future demand and it is unrealistic. Then the
privilege information has to be something fixed exogenously like the announce-
ment of the fundamental price, latter evolving independently of the demand and
known by the insider. Another point is about the efficiency of the market in
the sense that market prices converge to the fundamental one. In this paper we
will show how the presence of an insider can be beneficial to the market in the
sense that it makes the market be efficient. This problem has been addressed in
different papers from the seminal papers of Kyle (1985) and Back (1992). See
for instance Back and Pedersen (1998), Cho (2003), Lasserre (2004a, 2004b),
Aase et. al. (2007), Campi and Cetin (2007), Danilova (2010) and Caldentey
and Stacchetti (2010).

Here we analyze in a unified form how the presence of an insider makes the
market be efficient when the insider knows the release time of the fundamental
value of the asset. We also establish a general relationship between the problem
of finding rational prices and the enlargement of filtrations problem. Moreover
we consider the case when the time of the announcement is just a stopping time
for all traders. In this latter case the market is not fully efficient, nevertheless
there is an equilibrium where the sensitivity of prices is decreasing in time
according with the probability that the announcement time is greater than the
current time. In others words, prices are becoming more and more stable when
the announcement is coming.

The paper is organize as follows. In the next section we describe the model
that gives rise the stock prices. In the third section we discuss the optimal
strategy . In section fourth and fith we discuss what happens when the release
time is known or not respectively. In section six we review the results about the
enlargement of filtration problem and provide new one. Finally we apply these
results to find an equilibrium strategy.

2 The model

We consider a market with two assets, a risky asset S and a bank account with
interest rate r equal to zero for the sake of simplicity. The period in which the
participants trade is [0,00). There is to be a convergence of fundamental and
market price at (a possibly random) time 7. The fundamental price process is
denoted by V, it will be the price of the asset after time 7, after that time we
can consider that all traders have the same information so we cannot talk about
insiders in the market.

In the paper of Caldentey and Stacchetti [7], authors consider that after
time 7 market price matches the fundamental price and that at the same time
market makers use their pricing rule to set the market price, this situation leads
the insider to a wild strategy. However we think that this situation is a bit
artificial since if fundamental price is known from market makers then they do
not need a pricing rule.

We shall denote the market price of the stock at time ¢ by P;. So, P; # V;



ift < 7and P, = V; if 7 > t. The market is continuous in time and order
driven. There are three kinds of traders. A (large) number of liquidity traders,
who trade for liquidity or hedging reasons, an informed trader or insider, who
has privilege information, and market makers, who set the price and clear the
market.

We write FP= (ftp)t>0 where P = o(Ps,0 < s < t). We denote by
S = a{r As,0 < s <t}and S=(S),5- Let X be the demand process of
the informed trader. At time ¢, her information is given by H;, where H; =
o(Ps,ng, T Ns,0 < s <t), where 7 is a signal process or firm value in such a
way that

Vi =E(f(m)|He),

where f is an increasing function. Then, V' is an H-martingale, where H = (H;),~ -
The informed trader tries to maximize her final wealth, that is, she is risk-
neutral.

Let Z be the aggregate demand process of the noise traders, we assume
that Z is an H-martingale independent of n. We take for granted that all these
processes are defined in the same, complete, probability space and the filtrations
are complete and right-continuous.

We assume that market makers ”clear” the market by fixing prices through
a pricing rule, in terms of formulas

Pt :H(tagt)vt Z 0
with .
&= [ Aar,
0
where ) is a positive function, H € C1? and H(t,-) is strictly increasing for
every t > 0 and where Y = X 4 Z is the total demand that market makers

observe. We also assume that, due to the competition among market makers,
the previous prices are rational or competitive in the sense that

P, =E(W|Ys, 7 As,0<s<t),t>0.

Note that H; = o(Ps, 15,7 A 5,0 < s <t)=0(Ys,n,,7As,0<s<t)and that
(P,) is then an F¥ VS -martingale, where F¥ = (FY) and )Y = o(Y;,0 <
s <t).

0<t<1

3 The optimal strategy

Consider first a discrete model where trades are made at times ¢ = 1,2,... N,
and where N is random. If at time ¢ — 1, there is an order of buying X; — X;_1
shares, its cost will be P;(X; — X;_1), so, there is a change in the bank account
given by

—P(X; — Xi_1).



Then the total change is

N

=Y Pi(Xi — Xi1),

i=1

and due to the convergence of market and fundamental prices, just after time
N, there is the extra income: XxVpy. So, the total wealth is

N
WN+ = *Zpi(Xi - Xi—l) + XnVn
i=1
N N
= - ZPiA(Xi - Xi1) — Z(Pz - P 1)(Xi — Xio1) + Xn Wy
i=1 i=1

Analogously, in the continuous model,

W7—+ = XTVT —/ Pt_dXt - [P)7 X]T
0

/ X, dVi + / Vi dX, +[V, X], — / P_dX, - [P, X],
0 0 0

/ (Vi — P )dX, + / X,V + [V, X], — [P, X],
0 0

where (and throughout the whole article) P,_ denotes the left limit limgq; Ps.
We require that X is an FV>P-semimartingale, so that the integrals can be seen
as It integrals, and to ensure the quadratic covariation [P, X] is finite we also
assume that P is an FV:"-semimartingale.

First we consider strategies of the form

dXt == 9tdt,

where 6 is an H-adapted process, with fOT |0:]dt < oo, a.s..
Assumption 1.

E (/0 |82H(t,§t)65|ds> < 0,

Assumption 2.

d[V,V],
where 0%, (s) = [ds]

The wealth at time 7 is given by

W~,-+ = / (‘/% - Pt)ﬂtdt +/ Xtd‘/t
0 0

where P, = H(t,&,), with &, := fg A(s)(0(s)ds + dZy), and where Z is an H-
martingale. In the following we will consider two kinds of stopping times: 7



bounded, or 7 is conditionally independent of (Vs, Ps, Zs)1<s given H;. In both
cases we have that E( [, X;dV;) =0.
Denote

560)i= 5 W) =B [ - He.eponct).

then, if 6 is optimal, for all 3, such that 6 + ¢( is admissible with € > 0 small
enough, we will have

d

d

= dEE (/ (Vi — H(t,/O A(s)((0(s) +ef,)ds +dZy))) (8(t) +¢B,) dt>

~ 5([ w-ne a»zftdt) B ([ -ourtecon (/:Ms)ﬂ(s)ds)dt)
- E((/OT( H(t,€,) /82 9ds)6tdt)

then, since we can take (8, = 1y, uyn)(t) au, wWith a, H,-measurable and
bounded. Then

u+t+h [e%)
E (/ <E(1[07T](t) (Ve = H(t,&,))| He) = A E (/t Lio,)(8)02H (s,€4)0sds
(1)

) a Hu)

E (10.1(5)02H s, S>es|m)ds> du

and this means that

t [e'e]
My [ (B Vi) ~ B0 €)1~ Aw) |
is an H-martingale and this implies that, for all ¢ > 0,
E(1j0,7(t)ViHe)=E Lo, (t)H(t, &) He)—A(t )/ E (10,7 (8)02H (5,£,)05|H) ds = 0, a.e.
t

Since S C H, or equivalently 7 is an H-stopping time, and FY C H, then we
can write in the set 7 > t,
'Ht> =0, a.e..

—H(t, &) —\HE (/T O2H (s,&,)0sds
4 Case when 7 is bounded and known by the
insider

4.1 Market efficiency
If o(7) € Ho, then

H(t,&) — /E@g £,)0s|Hy)ds =0,a.e. 0<t<T.



E ([, 10:H (s, &,)0,| ds|Hy;) is a supermartingale:

( (/ 102 H (5, €,)04| ds| H

)]H) _ E( 0o H (s5,€,)64] ds

< E (/ ‘aQH(S7§5)98|dS
and by Assumption 1

B ([ 6 cana2t )| ) <oc as

So, for fixed 7, E ([ [02H(s,&,)0s| ds| H,) converges in L' to zero, when
t — T, so it converges a.s to zero. Then we have that

Ve, —H(r—,¢,_) =0,a.s.

So, optimal strategies lead the market price to the fundamental one making the
market be efficient.

Remark 1 This is the case in Campi and Cetin (2007), where they take V; =
17513, T 1s an H-stopping time and 7 = T A1 and 7 is known by the insider,
that is T € Hy and it is bounded. Then they obtain

1{‘7->1} - H(% A 175-?/\1) =0,a.s..

They also assume that T is the first passage time of a standard Brownian motion
that is independent of Z.

Remark 2 If we take V; =V and 7 = 1 then we are in Back’s framework
(1992). Market prices converge to V. when t — 1.

4.2 Price pressure

For the sake of simplicity we are going to assume that Z is a continuous H-
martingale, even though similar calculations can be done in case of a jump part
in the process Z. Nevertheless the presence of jumps and the independence of
Z and V have been shown to be incompatible with the existence of rational
prices in important cases (see Corcuera et. al (2010)). By using Itd’s formula,
we have

E /t o) 82H £,)d¢, |Ht>

(
(vT

(5| - %t)
5 ([ (< tsc)+ A5+ St c a6 ) s 1),




where 02 := %. So,

S

wol)

30 ([ (e tne) + 258 4 Sontils.€)as102) as

0 = Vt—)\(t)E<

Now if 7 € Hy, then

Vi Voo [T N (s) O H(s,§) 1 2
m — )\(’7’) +/t E <— H(Sags) + )\(S) + 5822H(S,§s))\(8)0's

= 0.

Ht> ds

By differentiating and identifying the predictive and martingale parts we have
that

N(t) N (t) AH(tE) 1 2 _
/\2(t) ‘/t — %H(t7£t) + T + 5822H(ta§t))‘(t)at =0

Then writing H(t,y) := H(t’y), Vi(w) = vy and &, (w) = y; we have the following
A(t) t

equation for H :

N(t) - 1, - 21\ 2

v + O H (t,yt) + 5002 H (L, )\ (t)oy = 0.

A%(t) 2

Proposition 3 Assume that the law of & and M, where M. := fo AMw)dZ,, are
equivalent. Then the price pressure is constant and

_ 1 _
O1H(t,y:) + 5822H(t7yt)>\2(t)‘7% =0.

Proof. Since Z and V are independent, this implies that

!/
)\Q—(t)vt + 01 H(t,ys) + laggf[(t,yt))ﬁ(t)af =0.
A°(t) 2
is satisfied for certain trajectories of (V, M), that only depend on the value of
V', but corresponding to different values of w. Moreover the pricing rule has to
be independent of the values of V| so the previous equation should be satisfied
for any value of (V, M). Then, by It6’s formula, we have

H(r,M;) = FI(t,Mt)—&—/t 82.H(S,Ms)>\(8>dzs+/t 01H (s, My)ds

T 1 _
+/ 5522H(57Ms)>\2(5)0§d3,
t



and

E (H (7, M;)|M; =y, Vi = vy)

= H(t,y)+E (/T 01 H (s, Ms)\(s)ds

My =y, Vi :Ut>

+E (/ ~ oo H (s, M)N?(s5)o%ds

= H(t,y) — (/ sVds
(s)

SO

My =y, Vi = Ut)

_ 1 1
Mt_ytv‘/t_vt> = H(t,y;) — v (/\—>7

Ht, ) = MOE (B (r, M)\ M, = 32) — v, ( _ W) ,

but the price function cannot depend on the values of V, so A(t) = Ag and the
price pressure is constant. m

Remark 4 Note that we finally have that

H(t,y) = E (H(t, M Z:)| Ao Z = v) .

4.3 More general strategies and a verification theorem

Define y o)
H (200 () £y, — H(t, Aoz
Tty = | W) =0 ot g,
y O

then, by Itd’s formula and assuming again, for the sake of simplicity that Z is
continuous.

J(Vir,€) = J(0,0,0)+/ 81st+/ agjdgs+/ oAV,
0 0 0
1 ’ 2 2 1 " 2
+- | OJAyoids+ - [ OpoJoyds.
2 J, 2 /,

Where 0;, i = 0,1,2 indicates the partial derivative with respect to the first
second or third argument of J respectively. Then if the strategy is optimal
J(V,,7,€,) = 0, since any optimal strategy satisfies H (7, \o-)(f "1 (V;)) = £,

B(J(0,0,0) = E (/0 ‘/Sifo(s’ﬁf')asds> _EB </0 81st>

1 (7 1 (7
—-F </ Dog N2 2ds — f/ 800JU%/(S)dS> ,
2 Jo 2 Jo

where 0% (s) := % . Then if

T 1 T
FE (/ o Jds + 5/ 822J/\(2)0§ds) =0,
0 0



we will have that E (J(0,0,0) + 3 [ oo Jotds) = E ( N Mgsds) '

0 Ao
But Hit
f(v)_A ( ) Oy) (2)
0

so we deduce from the equation for H that

0yJ = —

au+%@yﬁﬁ:cm (3)

but since J(V;,t,&,) = 0 for all ¢, we obtain that C(¢) = 0. Then we have the
following theorem.

Theorem 5 E (J(O, 0,0) + % fOT 800JU%(s)ds) is the mazximum expected profit
and it can be reached by a strategy X if and only if it satisfies the following
properties:

(i) X has continuous paths,
(#i) the Doob’s decomposition of X does not have martingale part,

(#i7) the strategy drives the price to V; .that is tlim P, =V,
—T

Proof. By using It6’s formula, we have
WVere) = 10,000+ [ 0Vttt [0Vt g+
0 0
1 T C C T C
by [ P2Vt & A €N+ [ Bl Vit & dle" VI,
0 0

1 T
by [ Bl Vrg o
0
aJ
+ Z AJ(WataEt) - 87(‘/157t7£t7)A€t .
0<t<1 Y
By construction, £, = 0, and we have d§, = \odY;
d[€7, €77 = ABIX®, X, + 2X3d[X°, Z], + No?dt,

and
802J(V;57 ta gt—)d[§c7 V]t = _d[X; V]t

so using (2) and (3), we get

J(Ver€) = J(0,0,0)+ / B0 (Vi .6, )V + / (P — V)(dX, + dZ,)
0 0
1 [7 1 /7
+§ 822J(Vt,t,£t_)/\§d[Xc,Xc]t — [X, V]T —|— 5/ (900J(‘/,5,t,§t_)0'%/dt
0 0

+ / Doad (Vis 8,6, ONAAIX, 2 + 3
0

0<t<1

(ase.6) - Fine, e



Subtracting [P, X], from both sides and substituting, we obtain
/OT(Vt , VdX, — [P, X], + [X, V], — (J(O 0,0) / 00T (Vi £, €, )Uvdt>
— —aene) + [ating i+ [((ne -z,
+% /TGQQJ(V},t,ft))\gd[Xc,Xc]t+/0T822J(Vt,t7§t))\fd[XC,ZC]

s (Augt ‘;‘;Aet) - [P.X]..

0<t<1

We will show that the expectation of the left hand side is non-positive by eval-
uating the right hand side. Note that

[P, X], = [P°, X, + Z APAX,.

0<t<r

Ito’s formula for H shows that the continuous local martingale part of P is
Ik %(t,{tf)dff, so by using 2, we obtain

Pe, XY, = [ St >ds§,Xﬂ -/ aH(t £, )€, X,

— [ onatvie aLx X+ / D2 (Vis 1,6, )N [X°, 2),,
and also
AoO2J (Vi t, &, )AXy + APAX, = (P- —V,)AX; + APAX,

= (P = V)AX, = AdJ (Vi 1,6,)AX,.

Substituting them for [P, X]; in the right hand side of equation, it simplifies to

T T 1 T
—I(VarT E) + / Do (Viot,€,_)dV; + / (P ~Vi)dZ, — / 0o (Vi ,€,_)NRA[X°, X7,
0 0

+ Z W)t gt (‘/757ta€t—) - )\082J(W7t75t)AXt)
0<t<1

1. We know that AgOaaJ (V- 7,&,.) = O H(7,£,) > 0 and that A\g02J (V;, 7,&,) =
—V.+H (7, A&, ) so we have a maximum value of —J(V,, 7, &) if and only
if =V, + H(7,)&,) =0 and in that case J(V;,7,£.) =0

2. The processes [, 0gJ (Vi,t, &, )dV; and [, (P——V;)dZ; are FV-martingale,
so they vanish when we take expectations.

3. By (2) and H being increasing monotone, we have that dooJ > 0, and the
measure d[X¢, X¢| > 0,

10



4. O99J > 0 (convexity) implies that

J,t,x+h) — J(v, t,x) — %(v,t,m—&—h)h <0.
Y

So,
oJ
Z J(‘/ta t? Et— + )\fA}/t) - ‘](t7 Et—) - 87(%7 ta €t))‘tAXt < 07
0<t<1 Yy

and has its maximum if and only if AY; = 0, that is if and only if X is
continuous.

5 Case when 7 is unknown

In the general case
o0
Vi — H(t,&,) — )\(t)/ E (1o, (s)02H (s,£,)05|H;) ds = 0,a.e. ¢ >0.
t

Then if we assume that {r A s,s > t} is conditionally independent of
(Vi Py, Zt)g<y< o given Hy, we will have (provided that P(7 > t) > 0).

V,— H(t,) — A(b) /too P(r > s|H)E(0sH(s, £.)0./H,) ds

= WV —H(t,¢&)— P)\(t)) /too P (1> s)E(0:H(s,¢,)0s/Ht)ds = 0,a.e. t>0.

(r>t
Then

(‘/t B H(tv gt)
()

) Pr>1) /OO P(r > s)E(02H(s,£,)05|H:)ds = 0.

By Assumption 1, [ P (7 > s)E(|02H (s, &,)0| [H;) ds converges in L to zero
when ¢ goes to infinity:

lim £ (/OO P(r > s) |62H(s,§s)93|d5) =0,

t—oo
and since it is a supermartingale it converges a.s. to zero. Then we have that

i V= H(€) P> 1)

11



Then proceeding in a similar way than before and assuming again that Z is

d[Z,2]

continuous and that o2 := -1,

E(/tOOP(T>s)82 (s,&,)0sds| H

B . H(T,(p)P(r>1T) H(t,&)P(r >1t)
R < NT) ‘Ht) ER—Yr
o0 P(r>5s) P(r>5s)
£ ([0 (H55Y) aee) + Hi e
+%822H(5,55)P (7 > 5) A(s)o?)ds Ht> .
then by (4)
. H(T,(p)P(r>1T) L VP (r>T)
g 5 (HEEEEEER ) = b (5T )
. P(r>T)
= Vi jim s e
B CA(t) A(t) o P(r > s)
o = v(1-pesg) -rreat ([ (o (FG) A
PO g (s ) + Lo (s e )P (> 5) A(s)ag) ds Ht> ,
A(s) 2
and we will have a solution if and only if C' = %, then the price pressure

is not constant. Here the situation is analogous to that in Cho (2003) where he
considers a risk-averse insider, he concludes that a risk-averse would do most of
his trading early to avoid the risk that the prices gets closer to the asset value,
unless the trading conditions become more favorable over time, this is exactly
what happens when the insider does not know the release time. He would try
to trade early to use his information before the anouncement unless the price
pressure decreases over time making more favorable trading later and this is
what happens in equilibrium.
Note also that we have that

1
H(Sa 55) + 5622[—[(87 fs))\Z(s)Ug =0.
By defining (conjecture, check)

H™ (7,20°)(v) _H(E
J(v,t,y) ;== lim f() (t, Aox)

\ dzx,
T—00 y 0

we would obtain a similar theorem to Theorem 5.

12



Remark 6 In Caldentey and Stacchetti (2010) authors assume that V is an
arithmetic Brownian motion and T follows an exponential distribution with scale
parameter u, independent of (Vy, Py, Zt)0§t§r~ Then, on the set t < T

Vi, — H(t,&,) — )\(t)/ e M E (9, H (s,£,)04Hy ) ds = 0, a.e,
t

then, proceeding in a similar way we have a solution if and only if A\(t) = Xoe ™.

6 Enlargement of filtrations

We have seen that the total demand of assets in equilibrium is given by
t
Yt:Zt+/9(nt;Yu,0§u§s)ds, 0<t<T (5)
0

where Z is a martingale independent of , so Z is an F%" martingale and, since
FY:n C F%7 and Z is adapted to FY", it is also an FY""-martingale. On the other
hand Y is supposed to be, in equilibrium, an FY-martingale. Consequently
(5) becomes the Doob-Meyer decomposition of the FY-martingale Y when we
enlarge the filtration F¥ with the process 7. We are then into a problem of
enlargement of filtrations.

6.1 Initial enlargement of filtrations

Consider a stochastic basis (2, F,F,P) a random variable L F-measurable with
values in (R, B (R)). Let G; := Ng=y (Fz Vo(L)) and G =(Gy) .

Condition A. For all ¢, there exists a o-finite measure 7, in (R, B(R)) such
that Q:(w, ) < n, where Q¢(w,dz) is a regular version of L|F;.

Proposition 7 Condition A is equivalent to Q¢(w,dz) < n(dz) where n is
the law of L.

Proof. By Condition A we have that Q:(w,dz) = ¢f(w)n,(dz), where
qf (w) is B(R)®F; measurable then we can write Q¢(w,dz) = ¢ (w)n(dz) with
0 () = wirioy- ®

Proposition 8 Under Condition A there exists ¢f (w) B(R)®@F;-measurable
such that Qi(w,dx) = ¢F (w)n(dx) and, for fixed x, ¢F is an F-martingale.

Proof. See Jacod (1985) Lemma 1.8. m

Theorem 9 Let M be a continuous local F-martingale and k¥ (w) such that

t
<qI7M>t:/ k§q§7d<M7M>s
0

13



then .
M —/ kLa(m, M),
0
1s a G-martingale.

Proposition 10 Proof. Except for a localization procedure (see details in Ja-
cod (1985) Theorem 2.1) the proof is the following: let Z € Fs and g be Borelian
and bounded, then

E(Zg(L)(My — My)) = E(E(Zg(L)(M; — M;)|F))
= E(Z(M; - M,)E(g(L)|F))

g(x)n(dz) E(Z(M; — M)q;)
g(x)n(dz) E(Z(Mqf — Mqg))
g(x)n(dz)E(Z((M,q"): — (M, q")s))

g9(@)n(dz) E(Z((M, q*)r — (M, q%)s))

Il
— S ——

o(e)n(dz) B(Z( / K2qt_d(M, M),)

S

E(Zg(L) / K2gt_d(M, M),)
| |

Example 11 Take M; = B; where B is a standard Brownian motion, take
L = B; then

. 1 1 , @2
qt(w)N(l_t)l/zeXp{_m_t)(Bt(w)_x) +2}>

by Ito’s formula

z— B
digy = QfﬁdBt,

then k% = z=B:i gnd

—t
" By — By
B- | ————2ds
o l-—s
is an BV o (B;) martingale. Note that, by the Lévy theorem, B_fd Bi:fs ds is

a (standard) G := FB Vo (By) -Brownian motion and since By is Go-measurable,
it is independent of W.

Example 12 Note that if the filtration F is that generated by a Brownian mo-
tion, B, then for any F-martingale

th = O'tdBt

14



and
d(M, M), = odt.

Also, assuming that
g (w) = hi(B)
and h € CY2 we will have that

dt th = 8hf (Bt)dBt y

and
. Ologh?(By)
kf = ————=.

Ot

Example 13 In fact the previous example is a particular case of the following
one: let' Y be the Brownian semimartingale

t t
Yi=Yo+ [ o()ab.+ [ v
0 0
and assume that
Yi|Fe ~ (1 —¢,Y;, x)dz.
with m smooth. We know that (n(1 —t,Y:,z)), is an F-martingale, then

dr(1—-t,Y;,z) = g—ﬂ(l —t, Y, x)o(Ys)dBs
Yy

and by the Jacod theorem

¢ " dlogm
o(Y,)dBg —/
/0 (¥2) o Oy

is an FV o(Y1)-martingale, and we can write

(1 -5 Ysa Yl)O'Q(Yé)dS

t t t
. 1
yt:Y0+/ o(YS)dBS+/ b(YS)der/ 5;’5”(1—3,y;,yl)02(1@)ds,
0 0 0

where B is an F V o(Y1)-Brownian motion.
Example 14 Let B a Brownian motion and 7 = inf{t > 0, B, = —1} it is well
known that

14+ B;

Plr <s|F] = 2@(_ﬁ)1{7/\s>t} + Lis<rat}

where ® is the c.d.f. of a standard normal distribution. Then int < s AT we
have, by Ité s formula,

_ (+By)?

1 2 41
Pt < s|F] = 2<I>(—ﬁ) + \/;/0 \/me 2G-w dB,,
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SO

d(P[r < s|F], B) 2_1 S5
T <S$|F],B)=—4/— e 20—t
vV t

and

Qy Qt

148,)2 2 14 B4)?
(\/» (2(+ﬁt>) > _ 1 1 _ (1+ By) e‘<2<+ﬁt)> 7
Vs =t V2T \/(s—t)3 \/(S—t)5

finally

_(1+By)?

and

14+ B4)2
0 \/E L o~ (Z(S—tt))
0s T Vs—t 1 1 —+ Bt

2 Plr > s|F] T 1+B s—t

tAT 1 1+B
B, — — lds, t>0
t /0 (1+Bs T—S) % =7

is a G-martingale.

Consequently

6.2 Progressive enlargement of filtrations

In the progressive enlargement of filtrations G = (G;) with G; = F; V H; where
H = (H;) is another filtration. The case where H; = 0(1;<4;) with 7 a random
time has been extensely studied, see for instance Jeulin (1980), Jeulin and
Yor (1985) or Mansuy and Yor (2006), among others, however few studies has
been developed in the general setting. One exception is when H; = o(J;), for
Jy = inf,>¢ Xy and when X is a 3-dimensional Bessel process, see section 1.2.2
in Mansuy and Yor (2006), but this case can be reduced in fact to a case with
random times taking into account that

{Jy <a} ={t <A},

where A, = sup{t, X; = a}. Another one is the case when H; = o(L;), for L; =
G(X,Y;), with X and Fr-measurable random variable Y a process independent
of Fr and G a Borelian function, see Corcuera et al. (2004). A particular case
is given by the proposition:

Proposition 15 Assume that B is a Brownian motion and that F = FB. Let
W be another Brownian motion independent of B,consider the process Vi =
By + ftl o, dW,, with Ll o2ds < oo, for all 0 < t < 1.Then provided that

ds < o0,

K 1
/0 l—l—f;a%du—s
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we have that the Doob-Meyer decomposition of B in FBV is given by

¢
. V.- B
Bt:WH—/ T8 gs0<t<1
0o 1+ [ o2du—s

where W is a Brownian motion but correlated with V.

Proof. W is a centered Gaussian processes and for 0 < s <t <1
t s
71T u*Bu u*Bu
sy = p((n [ AP (b [ B,
0 1+ [ o2dv—u 0o 14 [ o2dv—u
s Vu_Bu K Vu_Bu
= s—F Bt/ ————du | - F BS/ ———du
0o 1+ [, o2dv—u 0o 14 [ o2dv—u
t s
Vu—Bu Vu_Bu
+F /1—du/ —g—du
0o 14 [ o2dv—u 0o 1+ [, o2dv—u
S t* S o
- l—udu_/ _stu L,
0o 14 [ o2dv—u 0o 14 [ o2dv—u

. (V. = By) (Vi — Bu)
2 /0 /0 (1—|—f o2dv —r (1—|—f Gde—u)du ar

)
e (Vi = By) (Vu — Bu)
+E /s /0 (1+f UZdU—r> (lJrf 2dvu)du &

fos+t—2u s—u s t—s
= s— ————du+2 ————du+ ———du
0o 1+ [, o2dv—u 0 1+ [, o2dv—u 0o 1+ [, o2dv—u
= s.

On the other hand, for t > s

1
- 51+ 2dv —

E(ths)zs—/ Mdux),
0o 1+ [, 02dv—u

provided that o, is not identically null (a.e.). m

Remark 16 It is important to note that contrarily to the case of initial enlarge-
ment, the innovation process W is not necesarily independent of the additional
information. Then this fact makes the application of enlargement of filtrations
in our framework more involved. In other words, in most of the models, we
assume that the privilege information (V) is independent of the demand pro-
cess of liquidity traders (W) so the previous Proposition cannot be used with
our models. Instead we have to look for processes such that their Doob-Meyer
decomposition is of the form

t
X, =W+ [ 0(Vi:X,,0<u<s)ds, 0<t<T
0

)

17



where W and V are independent.

Now consider the case when H; = o(V;) for
t
Vv, = Vo+/ oo,
0

where o, is a deterministic funtion, Vj is a zero mean normal r.v., (Wl7 WQ)
is a 2-dimensional Brownian motion independent of V5. We have the following
proposition:

Proposition 17 Assume that Var(Vy) =1 and that

t ds
—_— lHo<t<1
/0 Var(vs)_8<oof0ra <t<1,

then

" V,-B
B, = W2 — 5 5 ds.0<t<1
K t+/0 Var(Vy) — s HU=ES

is a Brownian motion with B1 = V;.

Proof. Denote v, := Var(V,)

t toq t tq v,
By :/ exp (—/ dr) dW3 —|—/ exp (—/ dr) du,

0 w Ur—T 0 w Upr—T Uy — U

so B is a centered Gaussian process, and for s <t < 1,
t
E (B:Bs;) = exp (—/ dr)
s Up—T

t s t 1 s 1 Vu‘/;)

+F / / exp | — / dr |exp | — / dr dudv
o Jo w Ur =T v Ur—T (vy — u) (vy — )
t 1 s s 1
= exp|— dr exp | —2 dr | du
s Up—T 0 w Ur—T
t s t s
1 1 "
+ / / exp | — / dr Jexp | — / dr Y dudv
s Jo w Ur—T v Upr—T (Vy — 1) (vy, — )
s u t 1 s 1 .
+2/ / exp 7/ dr | exp 7/ dr Y du.
o Jo w Ur—T v Upr—T (Vy — u) (vy, — V)

S s 1 v
/ exp (—/ dr> Y dv = s,
0 v Ur—T Vy — U
and
S S 1 . S S 1
2/ exp <—2/ dr) " qy =25 +/ exp (—2/ dr) du
0 v Up—T Vy — U 0 w Ur—T
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we obtain that E (ByBs) = s. So for 0 < t < 1 we have that (B;) is a standard
Brownian motion. On the other hand

t t
E(B)V;) = E exp | — ! dr VuVi du
0 w Ur—T Uy — U
t toq
/exp <—/ d?“) Yu du
0 w Ur—T Uy — U

= t,

therefore

E((B: = V2)?)

E(B}) + E(V;®) — 2E(B,V})
= t+vt—2t:vt—t7

and, since by hypothesis v; = 1, this means that
2
lim B, £ v,
t—1

then forall 0 <t <1

t o t B (Vs - Bs)z t
E( |VsBs|d8></ ( ) dsz/ Vs — sds < V2,
0 0 0

Vg — S Vg — S

Nl=

and this implies, by the monotone convergence theorem, that

K s_Bs ! S_BS
lim Eiggjdyz/'ﬁgggi
0

t—1 )y vs—S Vg — S

ds < oo

and that By = lim;_; B; is well defined. Now, we have, by the uniqueness of
the limit in probability, that V; = By a.s. m

6.3 Application to find the equilibrium strategy

In this section we shall apply the results of the previous section to find the
equilibrium strategy of the insider. We will see trough different examples how
this can be done. These different examples correspond to different models that
are extensions of the Kyle-Back model.

Example 18 (Back 92) Assume that Z is a Brownian motion with variance
0% and V. = Vi = f(n,). If the strategy is optimal Vi = H(1,Y1), and if n; has
a continuous cumulative distribution function we can assume that Y1 =N(0,0?)
by choosing f conveniently. It is also assumed that 1, (and consequently Y1) is
independent of Z. Then by the calculations in the Example 11 we have that

t
Y, -Y,
n:zt+/ ! ds,
O 1

— S
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is a Brownian motion with variance o>. So the equilibrium strategy is

t
Y Y,
Xt:/ i ds,0 <t < 1.
0

— S

Example 19 (Aase et. al (2007))

t
Zt:/ osdW
0

where o is deterministic and V =Y is a N(0, fol o2ds) independent of Z. Then
V|FY ~N(Y, ft o2ds) and by the results in the Ezample 12

t
}/;__
i—zi+ [ T
o fio

S

has the same law as Z. We have a similar result if o is random.

Example 20 (Campi, Cetin, Danilova (CCD)2009) (Which is the connection
with 541 in CCD 2010?) If dZy = o(Ye)dWy and V = Vi = f(n,). Where
fo (ny)dBs, and independent of Z, then by the results in the Ezample 13

0,G(1 =1, Y, V1)

dt
G(1—1tY:, V1)

dY; = o(Y;)dW, + o2(Y;)

where G(t,y, z) is the transition density of V., is a martingale.

Example 21 (Campi and Cetin (2007)) If we want the aggregate process Y to
be a Brownian motion that reaches the value —1 for the first time at time T,
and Z is also a Brownian motion then, by the results in the Fxample 1/:

¢ 1 1+,
Y, =7 — )1 d
t t+/0 <1+Ys T$> [O,T](S) s,

so, in this case n = 7.

Example 22 (Back and Pedersen (1998), Wu (1999), Danilova (2008)) The
insider receives a continuous signal

t
Ny = 1o +/ O'SdWS,
0

where o5 s deterministic, 1y s a zero mean normal random variable, W is a
Brownian motion, both independent of the Brownian motion Z. It is assumed

that var(n,) = var(ng) + fol o2ds = 1, then, by Proposition 17,
t
Y:
YtzZt+/ Mt cdt, 0<t <1,
o var(n) —

is a Brownian motion.
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