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Abstract

In this paper we study unfoldings of planar vector fields in a neighbourhood of a hyperbolic resonant
saddle. We give a structure theorem for the asymptotic expansion of the local Dulac time (as well as the
local Dulac map) with the remainder uniformly flat with respect to the unfolding parameters. Here local
means close enough to the saddle in order that the normalizing coordinates provided by a suitable normal
form can be used. The principal part of the asymptotic expansion is given in a monomial scale containing a
deformation of the logarithm, the so-called Roussarie-Ecalle compensator. Especial attention is paid to the
remainder’s properties concerning the derivation with respect to the unfolding parameters.
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1. Introduction and statements of the results

In this paper we study unfoldings of planar vector fields in a neighbourhood of a hyperbolic
resonant saddle. It can be viewed as the continuation of a previous paper where we give a €%
normal form for the unfolding with respect to the conjugacy relation, see [10, Theorem A]. By
means of this normal form in that paper we also provide an asymptotic expansion, uniform with
respect to the parameters, for the local Dulac time of a resonant saddle, see [10, Theorem B]. The
Dulac map of a saddle is the transition map from a transverse section 2 at the stable separatrix
to a transverse section X, at the unstable separatrix, whereas the Dulac time is the time that
spends the flow to do this transition, see Fig. 1. By local we mean that X1 and ¥, cannot be
at arbitrary distance from the saddle but close enough in order that we can use the normalizing
coordinates provided by the normal form. In other words, and more precisely, the local Dulac
map (respectively, local Dulac time) is the Dulac map (respectively, Dulac time) of the normal
form.

The asymptotic expansion of the Dulac map (see [15, Chapter 5] and references therein) is a
key tool to study the cyclicity of a polycycle I' (i.e., the maximum number of limit cycles that
bifurcate from I') and to this end the remainder in the asymptotic expansion must be uniformly
flat. In this respect recall that the second part of Hilbert’s 16th problem asks for the maximum
number of limit cycles, called H (n), of a polynomial vector field P(x, y)dx + Q(x, y)dy as a
function of n = max(deg(P), deg(Q)). It is still unknown whether H (n) is finite. In case that
the return map of the polycycle is the identity then there is an annulus foliated by periodic orbits
where the period function (i.e., the time of the return map) is defined. In this context the object of
study are the so-called critical periodic orbits, which are the critical points of the period function.
Similarly as with Hilbert’s 16th problem, it arises the notion of criticality of a polycycle T, i.e.,
the maximum number of critical periodic orbits that bifurcate from I', see [7,9]. In the same
way as for the cyclicity, an asymptotic expansion of the Dulac time with remainder uniformly
flat constitutes a key tool to study the criticality of a polycycle. Both asymptotic expansions are
of similar nature, they are given in a monomial scale containing the so-called Roussarie-Ecalle
compensator, which is deformation of the logarithm.

The asymptotic expansion of the local Dulac map (respectively, time) is a basic building block
for establishing an asymptotic expansion of the Dulac map (respectively, time) and, in its turn,
the latter is essential to study the cyclicity (respectively, criticality) of polycycles. In the present
paper we focus on the local setting. Our main result for the local Dulac time is an asymptotic
expansion that improves the one we previously obtained, see [10, Theorem B], in two aspects.
Firstly because it gives a more precise description of the monomials appearing in the principal



D. Marin, J. Villadelprat / J. Differential Equations 269 (2020) 8425-8467 8427

Fig. 1. Auxiliary transverse sections in the decomposition of the Dulac map D = P; o Dy o Py and the Dulac time
T =T+ Tyo Py + T> 0 Dyo P, where P; (respectively, P;) is the Poincaré map from % to E’l (respectively, from
3 to ).“/2) and T (respectively 77) is the time that spends the flow to do this transition. Here the local Dulac map is Dy
and the local Dulac time is 7.

part. And secondly, more important, it shows that the remainder can be smoothly extended also
with respect to the unfolding parameters. This was in fact our initial motivation to tackle the
problem. In order to state our main theorems some results concerning normal forms are needed.

Let V be an open subset of RY and consider a 4> unfolding {X wluev of a hyperbolic saddle
point at the origin. More precisely,

X =A(x,y; w)xdy + B(x,y; n)ydy,

where A, B € €°°(U x V), for some neighbourhood U of (0, 0) € R2, with A(0, 0; w) >0 and
B(0,0; n) <0 for all u € V. The hyperbolicity ratio of the saddle is

B(0,0; )

FEMI= 5000

Given m, n € Z we also consider the collinear family

1
Y= G X

The reason why we permit this “polar” factor is because, when dealing with polynomial vector
fields, a special attention must be paid to the study of those polycycles with vertices at infinity
in the Poincaré disc. The factor can come from the line at infinity in a saddle at infinity or,
more generally, appear in a divisor after desingularizing more general singular points at infinity
of a polycycle. The case of lines of zeros in at least one of the separatrices is also allowed as
it can appear after desingularizing a degenerate singular point at finite distance. It is important
to remark that (by means of a reparametrization of time) this factor can be neglected to study
the Dulac map but, on the contrary, this cannot be done when dealing with the Dulac time. For
the same reason, to study the Dulac time we need normal forms with respect to the conjugacy
relation rather than the equivalence relation.

We recall at this point Theorem A in [10], which generalizes well-known orbital normal forms
with respect to the equivalence relation (see [6,15] and references therein). To this end let us
fix up € V and denote Ly = A(ug) for shortness. If 1o € Q, say Ao = p/q with (p,q) =1,
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then that result shows that for any k € N the family {Y, },cv is %* conjugated, by means of a
diffeomorphism ®(x, y, u) = (¢ (x, y, ), n) defined in a neighbourhood of (0, 0, ) € R2xV,
to the normal form

1
NF _ B '
" _UWhﬂthﬂQm”U(wx+( A1) + P ) vy )

where 7 is a € function, P and Q are polynomials in the resonant monomial u = x”y? with
the coefficients being also ¥’ functions in u, and

n

)-| if mg —np #0,
)—|~|—1 if mg —np =0.

|—max( ,

(D

)

STERRSTH]
QT QI

(max(

Finally, if Ao ¢ Q then the result shows that we can take P = Q = 0. (In this paper we use the
common notation | - | and [ -] for the floor and ceiling functions respectively.)

As we already explained, our aim in this paper is to study the Dulac time (as well as the
Dulac map) associated to Y, ,iv F (Note in this respect that the only interesting case is the resonant
one, i.e., Ao € Q, because otherwise both maps can be computed explicitly.) More generally, we
consider the polynomial normal family

1
Yop = X ?)
R poamyn 4 ut Y i1
where
Xy :i=x0, + é (—p + Z,N:Bl Oli+1ui> yoy. 3)
In this way, setting & = (a1, ..., ay) € RY and B = (B, ..., Bu) € RMH! we thus consider the

coefficients of the polynomials P(-; u) and Q(-; ) in the normal form Y, IJLV F as independent
parameters. Naturally we work with o1 & 0 because

A= (ay) = 2%

Note also that, with regard to the Dulac map, we can ignore the time and take X, instead of Y g.
That being said, we denote the Dulac map between (0, 1) x {1} and {1} x (0, 1) by D(-; «).
Similarly, the Dulac time between the same sections is denoted by T'(-; «, ). More explicitly,
let ¢(¢; s, ) be the solution of X,, passing through (s, 1) € R? with s > 0 at £ = 0. Then, since
this solution reaches {y = 1} at time t = — Ins due to ¢ (¢; 5, o) = se’, it turns out that D(s; or) =
@2(—Ins; s, ). Likewise, if ¢ (¢; s, a, B) is the solution of Y, g passing through (s, 1) € R2 with
s > 0 then the Dulac time is the function 7'(-; «, ) verifying

o1(t; s, a, ,B)I,:T(S;a’ﬁ) =1 for all s > 0 small enough.

The present paper has two main results, namely: Theorem A, devoted to the Dulac map
D(s; o), and Theorem B, addressed to the Dulac time T (s; o, 8). The idea behind the proof,
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and also the aim of the result, is the same for both theorems. We show firstly that we can write
the function as an infinite series for s > 0 and «; small enough. Secondly, that we can truncate
this series in order that the tail is uniformly flat at s = 0. And, thirdly, that the finite truncation
can be expressed in terms of a polynomial in s? and s”w(s; o1), where w is a deformation of the
logarithm (see Definition 1.3), the so-called Ecalle-Roussarie compensator.

In this paper we use a more general notion of flatness (see Definition 1.2), which constitutes
the key point in our approach as well as the main motivation to tackle the problem. Let us ad-
vance that it has better properties with respect to parameters and that this enables us to elucidate
a delicate point which we think did not received the required attention in the literature (see Re-
mark 1.4).

Definition 1.1. Consider K € Z~( U {400} and an open subset U of R". We say that a function
¥ (s; n) belongs to the class %S’io(U ), respectively %s’i o(U), if there exist an open neighbour-
hood 2 of

(s, ) eRNTl.s =0, ueU)={0} x U
in R¥*! such that (s, 1) > ¥ (s; ) is €% on QN ((0, +00) x U), respectively Q. [
More formally, the definition of %ffio(U ) and Cfsli o(U) must be thought in terms of germs
with respect to relative neighbourhoods of {0} x U in (0, +00) x U. In doing so these sets become
rings and we have the inclusions €% (U) ¢ %S’;O(U) C %S’io(U). These facts are implicitly used

in Lemma A.3.
We can now introduce the notion of (finitely) flatness that we shall use in the sequel.

Definition 1.2. Consider K € Zxo U {400} and an open subset U of RY. Given some L € R
and 1 € U, we say that ¥/ (s; u) € ‘@EO(U) is (L, K)-flat with respect to s at (i, and we write
¥ € FE(f1), if for each v = (v, ..., vy) € ZY! with [v] = vo + -~ + vy < K there exist a
neighbourhood V of 1 and C, 5o > 0 such that

Iy (s )
35”‘)3#‘1}' N anNN

< Cst= forall s € (0,50) and € V. 4

If W is a (not necessarily open) subset of U then define ]—"f(W) = mﬁew ]-"f (w). 4d

The class F f (W) consists in those functions v (s; @) that are (finitely) flat along {0} x W.
The usual notion of (finitely) flatness is addressed to functions ¥ that are smooth at s = 0 and
not depending on parameters. In that context one simply requires the s derivatives of i to vanish
ats = 0 up to order K — 1. When dealing with functions that are not smooth at s = 0, the natural
and common definition is to require the estimates in (4). In this non-smooth context, and when
the function depends on parameters, one can alternatively require (4) to hold for all 4 € V but
only for derivation with respect to s. This is precisely the notion of flatness used in [14,15]
for the remainder of the asymptotic expansion of the Dulac map (cf. Remark 1.4). For instance
the function (s, u) — s* is obviously L-flat at any ft > L according to this alternative notion
whereas to show that (s, u) — s* belongs to F7°({u > L}) requires some computations (see
Lemma A.4). Coming again to Definition 1.2, note that the case L < K is not excluded (and so
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it may occur that L — v is negative) and that the case L = K corresponds to the usual notion of
(finitely) flatness.

The principal part of D(-;«) and T(-;«, ) will be expressed in terms of the following
deformation of the logarithm.

Definition 1.3. The function defined for s > 0 and ¥ € R by means of

sTh—1 .
w(s; k) = K ifk #0,
—Ins ifk=0,

is called the Ecalle-Roussarie compensator. []

Lemma A.4 gives several properties of the Ecalle-Roussarie compensator in relation with the
class F f (W) as introduced in Definition 1.2. It shows in particular that (s, k) — w(s; k) belongs
to F2({k < €}) for all & > 0. With regard to the parameter space of the family of vector fields
in (3), hereafter we denote

Up:={a e RY;a; =0} = {0} x RN .

We can now state our two main results. In both statements we set w = w(s; a1) and A = A(a)
for the sake of shortness. The first one is a structure theorem for the asymptotic expansion of the
local Dulac map.

Theorem A. Let D(-; «) be the Dulac map of the vector field X, in (3) between the sections
(0, 1) x {1} and {1} x (0, 1). Then for each L € R there exists a unique A(z, w; @) € Q[z, w, ],
with deg, ) A < & — 1 and 71, € F}°(Uo) such that

D(s;a) =s*A(s?, sPw; a) + Dy (s: ).
Moreover, A0, 0; a) =1 in case that L > g and A = 0 otherwise.

This result has strong connections with the seminal works on the structure of the local Dulac
map by A. Mourtada and R. Roussarie. Indeed, we write the principal part along the same lines
as Mourtada, see [13, Proposition 2], in the sense that it is the Dulac map of the linear vector
field xdy — Aydy, i.e., s > s*, multiplied by a unity (that we show is polynomial in s” and s”w).
Roussarie (see [14, Theorem F] or [15, Chapter 5]) writes the principal part in a different way
and it is difficult to compare since he considers the case p = ¢ = 1 only, which does not fit very
well for g # 1. Next we make some further comments about it.

Remark 1.4. The proof of Theorem A (and also the forthcoming Theorem B) relies on some
previous results by R. Roussarie in [14] (see also [15, Chapter 5]) that we gather in Lemma 2.1
and constitute our starting point. In that paper the author studies the cyclicity of a saddle loop
and to this aim he proves Theorem F, which describes the structure of the local Dulac map
D(s; ). That result is very similar to our Theorem A, but important differences exist. Firstly his
result is addressed to the case p = ¢ = 1 because at that time it was already well-known that the
cyclicity of a saddle loop with Ag #~ 1 is at most one. Secondly his result is more precise in the
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description of the principal part, i.e., D — 9, since he divides it in the ideal generated by the
coefficients o1, @2, . .., ay. And, thirdly, his proof concerning the remainder consists in showing
that it verifies

Iy (s; a)‘ < Cstk,

This kind of estimate, similar to (4) but without derivation with respect to parameters, behaves
well through the so-called derivation-division algorithm that yields to the main result in [14]
on the cyclicity of the saddle loop (which in our opinion is perfectly right and, what is more,
correctly proved). However it does not enable to assert that &, extends to a € function in (s, )
at s = 0 (see Example A.2 for a counterexample). Sadly enough, this is precisely what the author
states in Theorem F with regard to the remainder &, (see also Theorem 14 in [15, page 103]).
This inexactness yields to a crucial gap in a subsequent paper by the same author [16]. Indeed, in
that paper he studies the smoothness property of the bifurcation diagram of a generic saddle loop
unfolding of codimension 2, and to prove the main result he appeals to this (unproved) claim in
Theorem F. To be more precise, by taking advantage of the smoothness with respect to parameters
of the remainder, he is able to apply an ad hoc implicit function theorem to prove Proposition 3.2.
In our Theorem A we show that &, € fzo(Uo), i.e., that the above bound holds for derivation
with respect parameters as well, and on the other hand we prove (see Lemma A.l) that any
function in F f (Up) with L > K extends to a €X function in a neighbourhood of {0} x Up in
RN*1. We can thus fill the gap between the proof of [14, Theorem F] and its statement. This
shows in particular the validity of the proof of [16, Proposition 3.2], which constitutes a key step
to show the main result in that paper. [

Next result provides the structure of the asymptotic expansion of the local Dulac time and in
its statement we assume that [max (%, 3)] > 0. Let us point out however that we do not need
this assumption in any of the previous auxiliary results. In this regard note that this hypothesis
is satisfied if m and n are not both negative. From the point of view of the bifurcation of critical
periodic orbits, the most interesting situation comes from the Dulac time associated to a saddle
placed in the line at infinity, and in this case either m > 0 or n > 0.

Theorem B. Let T (-; «, B) be the Dulac time of the vector field Y, g in (2) between the sections
(0,1) x {1} and {1} x (0, 1). Suppose that k := |—max (%, 3)1 > 0. Then for each L € R we can
write
T(s;, B)=T"(s;, ) + Ti(s:t, ),

where
(1) the principal part is given by

Tt (si 0, B) i=10(B) Ins +5™ 11 (57, sP w0, B) = 5™ 11 (57, 0; &, ) + 5P 1a(s7, sP w3 1, B),

withti(z, wi e, f) € QaDlz, w, a2, ..., an, ], 2z, wi . f) € Qlz, w. o, Bland o (B) €

QIB],
(2) and the remainder Ty (s; ct, B) belongs to F;°(Ug x RM+1,
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Moreover the principal part verifies the following:

(a) 11 is linear in B and without poles along o1 = 0.

(b) 12 is linearin B and 12(z,0; a, B) = 0.

(¢) 1=0ifmg —np=0.

(d) ©o=—PBo if (m,n) =(0,0) and 190 = — B if £ =0, whereas 1o = 0 in any other case.

In a previous paper we already give a structure theorem for the asymptotic expansion of the
local Dulac time, see [10, Theorem B]. The main difference between both results is that we
can now guarantee that the remainder 7 is flat along s = 0, not only for the derivation with
respect to s, but also with respect to o and B (cf. Definition 1.2). Consequently, as we explain in
Remark 1.4, by applying Lemma A.1 we can assert that if K < L then the remainder 77 (s; o, )
extends to a X function in a neighbourhood of {0} x Uy x RM+Lin R x RY x RM+1 We are
convinced that this regularity of the remainder will be crucial in future applications, for instance
to have a better understanding of the bifurcation diagram of the critical periodic orbits of the
Loud’s centres, see [9]. In fact this kind of property has already been used to study the period
of the limit cycle appearing in one-parameter saddle loop bifurcations (see [4, Theorem 16]).
To this end the authors prove Proposition 23, which corresponds to Theorem B particularized to
m=n=0and K =L = 1. (As a matter of fact while trying to extend it we realized that their
proof contains a bridgeable mistake that we correct here, see Remark 2.4.) Coming back to our
previous result in [10], let us note that the principal part TZ that we provide here is more precise
than the one given there.

The paper is organized as follows. In Section 2, taking Roussarie’s results in [15, Chapter 5]
as starting point, we consider the solution ¢(¢; s, @) of X, passing through (s, 1) e R> atr =0
and we expand ¢ (¢; s, o) as a power series in s for each fixed  and «. We obtain sharp uniform
estimates for the radius of convergence of this series (see Lemma 2.5) and also for the derivatives
of its coefficients (see Lemma 2.7). Next, on account of D(s; &) = ¢2(—1Ins; s, ), in Section 3
we use these results to prove Theorem A. Section 4 is devoted to the proof of Theorem B and to
this end, see (2), we take advantage of the previous results thanks to the identity

dt.

{(x,y)=0(t;s,a)}

~lns M+e—1 ‘
T(S;Ot,ﬂ)=/ (ﬂoxmy"+ > ,3i+1—z(xpyq)l)

o i=t

Some technical but crucial issues about the sets F f (W) are treated in Appendix A. Among other
properties we show that any g(s; u) € F f (W) with L > K extends to a €% -function (on s and
the parameter ) along s = 0. (This applies in particular to the remainder Z;, in Theorem A, as
well as to T, in Theorem B.) Finally, in Appendix B we recall some specific results from analysis
and calculus, in particular the multivariate Faa di Bruno formula for higher-order derivatives of
a composite function (see Theorem B.1) that we use repeatedly all over the paper.

2. Further results on Roussarie’s series expansion

Observe that performing the singular change of variables {u = x”y?, x = x}, the differential
equation given by the vector field X, in (3) is brought to the following form:
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X =x,
w=Pu;a):= ZlNzl aju’.

The first equation gives x (¢, xo) = xpe’ and we denote by u(z, ug; «) the solution of the second
one with initial condition u (0, ug; @) = ug. For each fixed ¢ and «, we expand it as a power series
in ug,

+00
w(t, uo; @) =y gi (15 a)uf. 5)
i=1
In what follows, for any given § > 0 we define

Us ;:{az(al,...,(xN)ERN;Wﬂ <4}

Following this notation, Roussarie [15, §5.1.2] shows the next result with regard to the series
in (5).

Lemma 2.1. The following assertions hold:

(a) Foralli e N, gi(t;a) = "' g;_1(t; @) with g (t; @) € Qla, Q] where Q := % and

degg 8 <.
(b) For each compact set C C Ugs with § € (0, l] there exist Ky, Co > 0 such that if t > 0,
2
lugl < Cy Ye=3" and « € C then the series (5) is absolutely convergent and, moreover,

lu(r, uo; @)| < Kolugle®. _
(¢) ForallieN,t>0anda €C, |g;(t; a)| < KOCal(Coe‘”)’.

Proof. The assertion in (a) is proved in Proposition 10. To show (b) we note that, by applying
Lemma 18 and following the author’s notation,

“+00 +00
lu(t,uos @) < D gi(t a)lluol” < Y Gi(®)luol'.
i=1

i=1

On account of this, the result follows by using the estimates that he obtains in the proof of

Lemma 19, more concretely the upper bound for G; () given in (5.18) replacing e by e,
Finally (c) follows from (b) by applying the Cauchy’s estimates (see [18, Theorem 10.26] for
instance). M

Corollary 2.2. For each compact set C C Ug with § € (0, %] there exist Co > 0 such that the
Sfunction u(t, uo; @) is analytic on an open set containing

{(t,up, ) € RN+2; t >0, |lug| < Cale_st, aeCl.
Proof. Recall that u(t, ug; «) is the solution of the differential equation # = P (u; o) with initial

condition u(0, ug; &) = ug. Let us denote its maximal interval of existence by (w_, w4), where
w+ = w4 (up, a). Since P is analytic on RV*1,
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D ={(t,up, @) e RN w_(ug, @) <t < wy (ug, @)}

is an open set in RN*2 and u(r, ug: o) is analytic in D (see [5, Theorem 1.1] and [19, page 34]).
Moreover, for the same reason, if w. is finite then |u (¢, ug; oo)| tends to +oo as t 7 w4 (see [1,
Theorem 1.263] or [19, page 17] for instance). Note on the other hand that, by Lemma 2.1, if
lug| < Co_le_‘” then |u(t, ug; )| < KOCO_l forall t € (0, w+) and « € C. Arguing by contradic-
tion this implies that w4 > —% In(Cp|ugl) and concludes the proof of the result. W

Given v = (vg, V1,...,VN) € ZI!(SH, we write

) vl

La = oo V1 VN
ot 03061 . ~30£N

and, following this notation, we expand 3}”au(t, up; o) as a power series in uo,

+00 '
0 gt uos @) = hi(t, eufy. (6)
i=1

Similarly as in Lemma 2.1, we want to estimate the functions £; and the convergence of the above
series in terms of ¢ and «. This is the aim of the next result, where we also write v = (vg, V) with
v = (vy, ..., vy) for the sake of convenience.

Theorem 2.3. For all v € Zg&“ there exists a real number py, satisfying 1 < p; < max(|v], 1)
and independent from vy, such that for each compact set C C Us with § € (0, %] there exist
C; > 0, independent from vy, and K, > 0 such that if t > 0, o« € C and |ug| < Cl-)_lef‘s’ then

(i) 18} qu(t, uo; )| < Kyluole?™, and
(ii) the series in (6) is absolutely convergent.

Moreover, foralli e N, o e Candt >0, h;(t,a) = 8t‘fagi (t; ) and

|atv,ozgi (t; a)| < Kvep‘“” (Cﬁeat)zel .

Finally there exists M > 0 such that if |ug| < 2Co) " Le™ then

|92, 1(t, u0; )| < M Qt, ) where Q(t, ) = <5=1,

o]

forallt >0and a €C.

Proof. We begin by proving assertions (i) and (ii) in case that vop =0, i.e., only derivation with
respect to parameters. To this end for the sake of shortness we use the compact notation

to a:ﬁ“’herea:(vl"“’vm'
day -+ day
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The proof follows by induction on [v|. The base case |[v| =0 is (b) in Lemma 2.1. To show
the induction step we first perform the partial derivation 9} on both sides of the equality d,u =
P (u; @) and then apply Theorem B.1 to obtain

30u(t, uo; @) =32 P(u(t, ug; @); @)

q TNT N 17 ki
B w)ki0 [T, (3’ )"
_ A X = ( o i=1\0u &
= Y Pwa Y W] PR . (D
IS p,n)  j=1 J u=u(t,up;a)
. 1Al .
Here, for A = (Mg, ..., AN) € Zggfl, we use the notation 9* P (u; o) = m and, for
M da
kj € Zg&r ], we write k; = (kjo, ..., k;y). Note also that both summations are multidimen-

sional and the second one is subject to the coupling conditions p(v, 1) defined in (37), namely
>0 ki=xand }°7_, |k;|¢; = v. In this respect we observe the following:

(a) The only summand in (7) that contains a factor Bf/ uwith [£;] = [v]is 9, P (u; a)B;’u. Indeed,
this is so because if £; = v and ko # 0 then |k;| =0fori # jand A =k; =(1,0,...,0).

(b) If kjo =0 for all j then A9 = 0. Consequently any summand in (7) not containing a fac-
tor 3¢u with €| > 0 has the factor 39 P(u; o) = vazl (Bﬁai)ui, which is a polynomial
vanishing at u = 0.

Accordingly we can split the right hand side of the equation (7) so that it writes as

ddpu(t, uo; o) = 3y P(u(t, uo; ); @)dyult, uo; o) + Ry (t, uo, o) + R2(t, uo, ),
where we define Ré to be the sum of those summands with kjo =0 forall j =1,2,...,q while
R‘% is the sum of the remaining summands. Note then that
Ry (t,ug, ) = uS(W3 o) y—iu(r g

for some polynomial S(u; ) with deg, § = N — 2. The above equality is a first order linear
differential equation for d)u (¢, uo; ) that, setting Ry = Ré + R% and

t
B(t,up, @) :=exp /8MP(u(s,uo;o¢);<x)ds (8)
0

for the sake of shortness, yields to

t
5 Ry (s, up, @)
a;u(t,uo;a)zB(z,uo,a)/mds. )
0

Note that we can write 9, P (u(s, ug; o); o) = Z?io pi (s, oz)uf) with the same radius of con-
vergence as (5) because 9, P(-;«) is polynomial. In addition we have po(s; o) = «;. Thus,



8436 D. Marin, J. Villadelprat / J. Differential Equations 269 (2020) 8425-8467

applying (b) in Lemma 2.1 and setting K1 := sup{|9, P (u; @) — a1]; |u] < KOCO ,a € C}, if
lug| < C(;le_st then

3

! o
/(aumu(s,uo;a);a)—m)ds >

i=1

|pi<s;a>||uo|fds< Zf(c 'e?) uo|'ds
0

=K (Coluole®) < +o0,

Mg o~—~—-
Amg i

; ie&'l —1 K|
Coluol 5 S5

L 1

where in the second inequality we use Cauchy’s estimates (see [18, Theorem 10.26]). Thus, by
Lemma B.5,

t 400 t
/auP(u(s,uo; @) ayds =y /pi(s;oods uf
0 =0 \o

and the series converges absolutely for |ug| < C;; Ye=3" Furthermore, if lugl < (2Co)~te=% and
setting Kp:= % then

t
a1t — Ky < / OuP(u(s,up;a); a)ds <ayt+ Kpforallt >0and o €C.
0

Consequently, recall (8), if |ug| < (2Co) " 'e? then

e K2 < B(t,up, o) < eX2e® forallt >0 and o € C. (10)

On the other hand, since x +— e** are entire functions, the Taylor series of B(t,up, o) and

1/B(t,up, ) at ug = 0 converge absolutely for all + > 0 and o € C provided that |ug| <
Cy Le=%" Therefore, from (9) and taking the previous bounds into account, we get that if
luo| < (2Co)~'e™?" then

t
100u(t, up; a)| < e*K2e1? f [R; (s, ug, )| e “ds forallt >0and « € C. (11)
0

We are now in position to prove the validity of assertions (i) and (i{) for the case vy = 0 and to
this end recall that Ry = Ré + R%. Let us begin with the study of R% by noting that in each one of
its summands we have that (3% u (¢, ug; &)~ verifies [€;| < |v|for j =1,2,...,q and that there
is at least one exponent k jq strictly positive. Thus, thanks to the induction hypothesis, for each
j=1.2,....q we know that if |ug| < C;'e Le=3t then (8% u(t, ug; a))ki0| < (ng|u0|e"“f‘”)’<fo
for all > 0 and o € C. We define

Pe(D) = U [y kgi €h, i lg) € p(0, 1) 1451 < D1},
INYENE]
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which is nonempty if and only if |v| > 1. Taking this into account, if |v| > 1 then we set

C; :=max <2Co,max (Cejs (ksonkgs by, ... 8y) € p*(f)))>,

pp ‘= max (1,max (Z?:] kjope;s (k..o kgi b, €y) € p,,(f))))
and
K= max (T4 (K)o (Ko kgi €1, ) € pu®)).
whereas if |[v| = 1 then we define C; = 2Cy, p; = 1 and K3 = 1. Furthermore we define
Ky i=sup {19 P )l; lul < KoCg' o €€, 1< 1] < o1}
and

N ,ql; ki
L B B y77e s @ Ve
K5~—S“P{21<|x<|vpr)”' I=h ey oec

q i
Note moreover that |u0|Zi=1kf° < |ug| due to 27:1 kjo > 1 and |ug| < 1. On account of these

definitions and applying (b) in Lemma 2.1, from (7) it follows that if |ug| < Cy 'e=3" then
|R%(t, uo, @)| < Kglugle”™" for all t > 0 and « € C, where we set K¢ := K3K4K5. Let us pro-
ceed next with the study of R%. In this case, due to Ré (t,uo, ) = uS(u; oz)luzu(,’uo;a), we define

K7 := sup{lS(u;a)l; lug| < KOCo_l,ot € C} .

Thus, by applying Lemma 2.1, if |ug| < C(;le_SI then |R}}(t, ug, @)| < KoK7lugled forallt >0
and a € C. Finally, taking C; > Cy into account, we can assert that if |ug| < C5 =9 then

|R3 (¢, w0, @)| < [Ry(t, o, )| + | R3 (2, uo, )| < KoK7luole® + Keluole” < Kgluole”
(12)
for all t > 0 and o € C, where we set Kg := max(Kg, KgK7) and we use that p; > 1. We can
now plug this inequality in (11) to obtain that if |ug| < C;le"” then

t
oy, uo; )| < Kge* 2|ugle™” f PO ds = Kge* 2 [ug|e®!!

0

ePd—a)t _ 5
< Kylugle” !
Ppd — ay

forall + > 0 and « € C, where K, := KSIQ:KZ with Ko := inf{p;6 — a1; @ € C}, which is strictly

positive because || < § < p;éd. This progves the inductive step with regard to assertion (i). Let
us turn now to assertion (ii). Since Rj is a polynomial of 3‘u with 0 < |¢| < || on account of
property (a), by the induction hypothesis we get that the Taylor series of R;(t, ug, «) at ug =0
is absolutely convergent for all # > 0 and o € C provided that |ug| < C 1e=% Furthermore,

from (12), if ug| < C; 'e~?" then
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i} —1 (ps—1)8t
|Ry (2, up, )] < KsCy e forallt > 0and o €C.

Recall on the other hand that the Taylor series of at ug = 0 is absolutely convergent for

1
B(t,up,a)
all > 0 and « € C provided that |ug| < Cy 'e=3" n addition the estimates in (10) show that
K2~ for this range of values. Hence, due to Cy < 2Cq < Cy, if |ug| < C;le"”

Ry (t,ug,0)
B(t,up,a)

1
BRI

then the series =2 0rilt; ot)uf) is absolutely convergent and the upper bound

‘Ra(t, ug, )

-1 Ky ((ps—1)d—ay)t =1 K> ,p;6t
< KgC: 'e™2e < KgC:'e™2e
B(t,ug.) | 0" D

holds for all + > 0 and o € C due to || < 8. Note also that ro(7; o) = 0. As we did before, the
Cauchy’s estimates show that

Iri (t; @)| < KgC5'eX2CLe D% forall i e N, >0 and « € C.

Consequently, foralli e N, ¢ > 0 and @ € C, we get

t

| Ka i €07 1 i (poti)e
ri(s;a)|ds < KgCy 'e™2Ct ——— < KoCle'f? ,
/Iz( Nds < KgC; s S KG
0
KgCleK2 . - —1 -5t
where K9 = — Thanks to these estimates we can assert that if |ug| < C; e~ then
t R (s, ug, @) = t = i
v\S, %0, i 58t sr\i
———ds| < u ‘/rs;a ds < Kge” Csluple®) < oo
[ et < Yl [ Insselds < Koe Y (Coluole”)
i=1 0 i=1
for all t > 0 and « € C. Therefore, by Lemma B.5,
t 400 t
R; (s, ug, o :
/Mds = Z fri(s;(x)ds ug
B(s, uo, @) =
0 =1 \o

and the series converges absolutely for |ug| < Cy Te=9 Since we already prove this fact for the
Taylor series of B(t, ug, @) at ug = 0, from (9) it follows that the Taylor series of 8(‘;’ u(t, ug; o)
at ug = 0 converges absolutely for all 7 > 0 and o € C provided that |ug| < C; le=% This shows
the inductive step concerning assertion (ii) for the case vy = 0.

Let us turn to the proof of the case vy > 0. Since d;u = P (u; o) we get that 9/'u = P, (u; o) for
all n € N, where P, := P9, P,—1 with Py(u; o) := u. The application of Faa di Bruno formula
given by Theorem B.1 yields to

B "™ u(t, uos @) = 8 Pag (u(t, uo; @)
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q TN N £ kji
. B’ W) 0 TTiL (8 )i
B ) ) ' ( o i=1\Ya "1
= E ) 0" Py, (u; o) E_ v | | k,!(g‘!)lkj\
ISP poa) =1 SR u=elt i)

13)

= Iéi(t, up, o) + Iéﬁ(t, up, o),

where Ii’i consists in all the summands with ko = 0 for all j. Hence, due to P,,(0; @) =0,
exactly as we did to show (b), we can write 1%5 (t, uo, o) = uS, (U; o) |u=u(t,up:«) for some poly-
nomial §),. Thus, setting

Kig:= sup{lSv(u; @)l ul < KoCy'a e C]

and applying (b) in Lemma 2.1, if |ug| < Cy'e™ then |RL(t,uo, )| < KoKioluole® for all
t 2 0 and o € C. On the other hand, since we have already proved the validity of (i) for the par-
ticular case vg = 0, it follows that for each j there exist ng, ng > 0 and pe; = 1 such that
|’ (2, uo; )| < K, luole™ for all 1 > 0 and a € C provided that |ug| < C;le™. Thus,
taking upper bounds in (13) as we did before with R%, it follows that there exists K, > 0
(which we take satisfying K, > 2KoKo for convenience) such that if |ug| < C;le"” then
|R2(1, uo, )| < 1K luole?™! forall t >0 and o € C. (Here we remark that p5 > 1 and C5 > Co

are the ones previously defined when we tackle the case vo = 0.) Hence, if |ug| < Cj 'e=9 then

- . A A~ 1 _
197 qu(t, uo; )| < |RL(t, g, )|+ |R2(t, uo, )| < KoKioluole® + 3 Kyluole™ < Kyluglerr®

for all + > 0 and « € C. Finally the fact that the Taylor series of a;fau(t, up; ) is absolutely
convergent for all > 0 and « € C provided that |ug| < C;le"s’ follows from (13) using that
this is true for Bﬁju(t, uo; o) for all j and that BAPUO (u; @) is polynomial in u.

So far we have proved assertions (i) and (ii) except for the validity of the upper bound

oy < max(|v], 1). Lemma 2.1 shows that this is true for |[v| = 0 because we can take pg = 1.
The proof for [v| > 1 follows by induction taking into account that

05 1= max (1, max (Z’le kjoneys (i kgs €1, bg) € p*(l_))>) .

The base case is also true by definition because p; = 1 for |[v| = 1 (recall that in this case the set
P« (V) is empty). The inductive step follows by noting that, due to the definition of p(v, A),

q q q
> kjope; <Y kol <Y (kjo+ ki1 =D Ikl A+ €y =),
j=1 j=1 j=1 j=1

where we use the inductive step in the first inequality and Z‘}zl |k;j|€; = v in the last equality.

Let us prove next the statement concerning the coefficients 4; (¢, «) in the series (6). To this
aim observe that, by assertion (i7), this series converges absolutely for all # > 0 and « € C pro-
vided that |ug| < C;le"”. This implies that, for each fixed r > 0 and « € C,
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1 .
hi(t,a) = = Bioal"au(t,uo; a) o foralli € N. (14)
i! '

ug=
On the other hand, thanks to assertion (i), if [uo| < Cy5 Le=31 then
197 qu(t, ug; )| < Kylugle™" < K,C;'elPr=1,
Therefore, by applying the Cauchy’s estimates,
hi (2 )| < chl_)—le(prl)az (Cl_)e&)i _ K‘_)epﬁaz (Cl_)eét)i—l

foralli > 1, « € C and t > 0. Recall in addition that, by (b) in Lemma 2.1, if |ug| < Co_le_‘”
then u(t, up; @) = Z:;Of gi(t, a)uf) converges absolutely for all # > 0 and « € C. In particular,
for each fixed r > 0 and « € C, we can assert that g; (f,a) = l]—, B,iou(t, up; o) ’u0=0 holds for all
i € N. Consequently

o= L ai g :
hi(t,a) = 1 Buoalyau(t,uo,oz)

1 .
= Wadigutugie)| =076 ),
| -

up=
where in the first equality we use (14) and in the second one Corollary 2.2.

It only remains to be proved the upper bound for |830u(t, uo, «)|. To this end we observe that

t

duou (t, up; @) = exp /8MP(u(s,uo;oz);oz)ds = B(t, up, ),
0

where we use 0;0,,u = 9, P (u; o) 9y, u in the first equality and (8) in the second one. Therefore

t
83014(1, uo; @) = B(t, ug, @) / 83P(u(s, up; o); ot)B(s, ug, a)ds.
0

Setting K11 := supi|83P(u; a)l; lul < KoCo_l, o€ C}, (b) in Lemma 2.1 and the inequalities
in (10) show that if |ug| < (2Co)~'e ™% then

t
|0 (2, uo; )| <K1162Kze“”/e“”ds=Me"‘”§2(t,a1),
0

where we take M = K;1¢2X2. This completes the proof of the result. W

Remark 2.4. Let us mention that Theorem 2.3 corrects a mistake in the proof of [4, Proposition
23]. The authors of that paper split the proof into two intermediate claims. The second one is a
particular case of assertion (i) in Theorem 2.3 (it corresponds to |v| = 1 and N = 1) but the proof
given there is not right. Indeed, they consider in page 283 the series p(u (&, ug)) = Z;;Of Di (é)uf)
but the summation index should run from i = 0. This may seem a typo but it has important
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consequences in order to bound the derivative with respect to parameters because, transferred to
our proof, it yields to the factor %!’ in (10). That being said, except for this bridgeable mistake
in the proof of [4, Proposition 23], the main result in that paper with regard to the period of the
limit cycle emerging from a saddle loop bifurcation is perfectly correct. [l

At this point let us denote by ¢ — (x(¢, po; &), y(t, po; «)) the solution of the differential
system given by the vector field X, in (3) passing through po = (xo, yo) € R2. It is clear that
x(t, po; @) = xpe'. We are interested in the analytical properties of y(z, po; @) with the initial
condition py = (s, 1). This is the reason why we first studied u = x”y? and in this respect, by
Lemma 2.1, we know that

+00 T
w(t,uos o) =y gits euy =uoe™" Y gi(t; o)ufy,
i=1 i=0

where the series converge absolutely and we use that g;(t; @) = e%'g;_1(¢; ). Thus, since
x(t, po; &) = xpe’,

00 +00
(vt por @) = e PGt Y gt cyufy = yge PN (1 +) & a)ua) . as)
i=0

i=1

Since (1 +2)" = 3/ (})2* for |z| < 1, with the aim of computing (y(#, xo, yo; @))’ for any
Jj € Z we set
j (il
v :=1and,forkeN,w,g:=Z<r ) > &g (16)
r=1 i1+t =k

Our next task is to prove the following result.

Lemma 2.5. For each compact set C C Us with § € (0, %] there exist Co, M > O such that the
identity

. +(X) .
(.5, L) =e™! ng (t; a)s*P

k=0

holds for all j € Z, t 20, @ € C and s > 0 with s” max (MSZ(t,oc]), 4C065’) < 2. Moreover
under these conditions the series is absolutely convergent.

Proof. Since g;(t; ) =e*'g;_1(t; o) and go = 1, from (5) we get

ot

= . u(t,up; @) — uge Biou(t, &5 a)ul

E 8i(t; uy = = for some £ € [0, ug],
: upe*1! 2upe*t!

i=



8442 D. Marin, J. Villadelprat / J. Differential Equations 269 (2020) 8425-8467

where in the second equality we apply Taylor’s theorem to the function ug — u(¢, ug; o) tak-
ing u(t,0; ) =0 and 9,,,u(r,0; ) = !’ into account. By applying Theorem 2.3, there exist
Co, M > 0 such that if |ug| < (2Co)~'e™% then

|0, u(t, uo; )| < M Q(t, 1) forall £ >0 and o € C.

Hence if |ug| < (2Co)~'e™® then |32 i (t; o)ub)| < 2L Q(t, a1)lug| for all ¢ >0 and o € C.
Therefore, if |ug| < min (m (2Co)_1e_‘s’> then |Zl+=°1° gi(t; a)u6| <1 forall t >0 and

a € C. Accordingly, since (1 + 7)1 = 2‘;’8 (-jiq)zk for |z| < 1, from (15) and (16) it follows
that

) . 400 ilq ' too
(y(t, x0, yo; @) = yge/ 1=/ (1 + > & a)uz)) = el PN "yl (15 @ug
i=1 k=0
forall# > 0 and « € C provided that [ug| < 1/ max (%Q(t, a1), 2Coe?"). Furthermore the second
series converges absolutely because so it does the first one thanks to Lemma 2.1. Finally, since

uop=x{ys and A = %, the result follows taking (xq, yo) = (s, 1). W

The following is a technical lemma that will be used in the proof of our last result in this
section.

Lemma 2.6. For each m, n € Z > there exist polynomials Pyn, Qmn € Z[x, y] with deg, Py, =
deg, Omn =m and degy P = degy Omn = n such that for any a € R,

oy 8;16“” =a"e™ Py, (x,ay) and 8;8;”xy =x"""Qun(nx, y).
In particular, there exist M1, My > 0 such that

an am eaxy

MK < Mymax(l1, |x], |lay)" " |a|™ ™ and

a;’a;”ﬂ‘ < Mamax(1, | Tnx|, |y)" x> "

Proof. Note that 3797 ¢™ = 97 (¢**Y (ax)™) and 370" x” = 37 (x” (Inx)™). From here the proof
follows by induction on n. To this end we set P,o(x, y) = Qmo(x, y) = x™. Then the inductive
step follows by taking P n+1 =Y Pun + 0x Pon and QO nt1 = (y — 1) Qmn + 0x Q- W

Lemma 2.7. For each compact set C C Us with § € (0, %], JE€Z and v € Zg&l there exist
Cjv, Ky > 0 such that

187 0 (15 )| < Ko (k + 13 (Cj,)F max(1, 1)l e Gk IvDor

forallk € Zso,t 20 and a €C.
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Proof. Note first that, on account of the definition in (16),

k .
0wl =y (’ﬁq) S 0@ &),

r=1 i1+-+i=k

where, due to g; (¢; @) = e*'g; _1(¢; a) and applying Theorem B.2,

- - ¥4 — 4 Er
@iy &)= Y a0, 00 ) gy 0" g
Lo+...+L=v
‘We remark that this summation is multidimensional with £y, ..., ¢, € Zi’a’ ! and that agy,..0, =
( Eo,.].)., Zr) are the generalized multinomial coefficients in Remark B.3. Setting £y = ({0, . - ., £oN)
then, by Lemma 2.6, 8% (e~ = 3% L0 (¢=17") = (—r)0le=1r I Py o (1, —ayr) if Loy =
.= oy = 0 and zero otherwise. We have in addition that |8%(e=®1"")| <

My, max(1, |t], [raq])!folrt01e=@17  On the other hand, by Theorem 2.3,
10 o 8i1(5; @) < Kee?® (Ce) foralli e N,a € Cand 1 > 0.
Thus, if we set 1\;1,) :=max(My; £ <v), é‘v :==max(Cy; £ <v) and Iev :=max(Ky; £ <v), then
10" (&iy -+~ &i,) (1 @)

S Y g MR max(L [t (G i,
Lo+...4+L=v

Here we use |a1| <& < 1, €9 < v and r > 1, which implies
max(1, |¢], [raq Il <max(1, |¢], [r)"1rY < max(1, )2

Hence, since p, < max(|v[, 1) <1+ |v]| thanks to Theorem 2.3 and, on the other hand, |[{o| +
...+ l=Ivlandr <k =iy +---+i,, we obtain

10Y (&1, -+ &i,) (13 )| < My (K, Co) kM max(1, VeGP 3" gy
Lo+...+L,=v

Thus, since Yy 4y —, aro,...0, = (r + D < (k + 1)P! thanks to Remark B.3, we get
10" (31, -+ &i,) (1 | < My (KyCo) (ke + 1) max(1, )M eGHMDor,
Accordingly, since |(j£q)| <max(|j/q|, )" <max(|j|, DF forall j € Z,

k
VA a)] <My (K, C) (ke + 1M max(1, M e FMDIS “max (1, DF Y1
r=1 i1 etiy =k

N ~ A \K
— N, p(k) (max(|j|, I)KVCU) (k + 1)3" max(1, 1)Vl Gk+vDer
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where p(k) is the number of partitions of k and it is easy to see that p(k) < (Zkk— 1) 2%l 4k,
Hence, setting C,, =4 max(]| |, 1)13,,6} and K, = Mv, the result follows. W

3. Dulac map

This section is entirely devoted to prove Theorem A, that will follow almost immediately
from Theorem 3.3. In the proof of this result, and the forthcoming Proposition 4.2, we will use
the following lemma together with this easy observation:

Remark 3.1. The function ¢ (s) = s“(—1Ins)™ is monotonous increasing on the interval (0, %)
provided that & > m > 0 because d;¢ (s) = —s*~ (= 1In(s))" " '(m + alns). O

Lemma 3.2. Forevery p € (0, 1) andn € Z 4 there exists A > 0 such that Zk>K kK'rk < AKM K
forall K e N and 0 <r < p.

Proof. Setting ¢¢ := () Y/ i"“p’ and A :=Y"}_ c; we obtain

+00 +00 n " ~+00 n
Yok =D+ Ky R =Y (E)KZ i <Ky ekt < AKK,
k=K i=0 £=0 i=0 =0

where in the last inequality we take K > 1 into account. W

Theorem 3.3. Consider the family of vector fields {Xy}acu; defined in (3) and let D(-; «) be
the Dulac map of X, between the transversal sections {y = 1} and {x = 1}. Then the following
holds:

(a) For each compact set C C Us with § € (0, %] there exists sg > 0 such that

+o00
D(s;a) = Z 1//,3(— Ins; o)skPH?, forall s € (0, s9) and a € C,
k=0

and the series is absolutely convergent. Moreover, for each K € N there exists A(z, w; o) €
Qlz, w, o] with deg, ,,(A) < K and A(0, 0; o) = 1 such that

K—1
Z w,g (—Ins; a)s"PT™ = s> A(sP, sPw; @), where w = w(s; o).
k=0

(b) Finally, for each L € R there exists K1 € Z>q such that

+o00
Z Ui (= 1Ins; a)s* P e F(Up). (17)
k=K,

Proof. The solution x(t, xq, yo; @) = xpe! of X, with initial condition (xg, yp) = (s, 1) in-
tersects the transversal section {x = 1} at + = —Ins. Hence the Dulac map is given by
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D(s;a) = y(t,s,1; 00)|;—_1ns- On account of this, the first assertion in (a) will follow by ap-
plying Lemma 2.5 once we show that we can take sp > 0 small enough such that

s? max (MQ(t, a),4Coe”)|__, <2 forall s € (0, o).

—In
In this respect note that, by applying (b) in Lemma A .4, s?Q(—Ins, o1) = sPw(s; 1) tends to 0
ass — 0T uniformly in o1 € (—§, §), and this is also true for sP~% because p—4&6=p— % > 0.
Consequently it is clear that there exists so > 0 small enough such that the above inequality
holds and so the first assertion is true. With regard to second one, from (a) in Lemma 2.1 and
(16) it follows that 1//,} (—1Ins; o) = ni(w; @) where n; € Q[w, o] with deg,, (nx) < k. Then it is
clear that, foreach k =0, 1, ..., K — 1, there exists a homogeneous polynomial n; € Q[z, w, «]
with deg,, (77x) < k such that we can write wkl(— Ins; @)s*? = fi(s?, sPw; a). Since g = 1, this
shows the validity of the second assertion in (a).

In order to prove (b) we claim that for each v € Zi’gf ! there exists s > 0 small enough such
that the series Zk>0 a‘;a(w,} (—Ins; a)sPkth) converges uniformly on (0, s9) x C, where C is
any compact set in Us that we hereafter. By the Weierstrass M -test, to this end it suffices to show
that there exists a sequence of positive numbers {Mj}ien With Zk>1 M}, < oo such that, for
some k, € N large enough,

197 o (W (—Ins; @)s*P )| < My, forallk > ky, s € (0,50) and o € C.

By applying Theorem B.2 we have that

'Y (—Ins;)s* Yy = 3" ay,0,0" (Y (= Ins; @))d’2 (sPE) (18)
L1+ly=v

with ag ¢, = (lll”zz). Setting él =(0, %11, ..., L1y) it turns out that, for each fixed s and «,

|3f,la(‘ﬁ1: (—Ins; a))| = |3s€1°(3£1 %cl)(— Ins; o)|

—L RATEN 4 1
gczms 10 ~ max |(3(J, 11seees lN)Iﬂk)(—lns,ot)L
J€{0,....¢10}

where Cy,, > 0 depends only on £19. The above inequality is clear in case that £19 = 0, whereas
for £10 > 1 it follows easily by applying the one-dimensional Faa di Bruno formula

R(f®N =D Higs) > nll_[( 8(s))

=1 pnj) i=l (ki)

taking n = €19, f = 9! ¥} and g = — Ins and noting that, in doing so, 3'g(s) = (—1)/ (i — 1)!s ™
and )_/_, ik; = n. Thus by applying Lemma 2.7 we deduce that, for all s € (0, 1/e) and « inside
a compact subset C of Us with § € (0, %],

|05 (Y (= Ins )] < Ko, (k + 1711(Cy ) (= Ing) s~ ClH1EDs=t10, (19)

where, following the notation in that result,
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Ke, = Cyymax(Kj ¢y,...e;m): J =0,...,£10) and Ce, =max(Cy,(j,ey,...e0n)5 J =0, ..., £10)

and we use that max(1, —Ins) = —1Ins for s € (0, 1/e). In addition, since A = p;‘“ ,Lemma 2.6
shows that

|852 (Spk+)\)| = |852()a£?1 (Spk+}~)| < M2 max(— ]ns’ pk + k)lezlspk+)‘*520q7€2|
< Cp, (k + 1)Cl(—Ing)ltel gpktr—too
because pk + A < p(k+ 1)+ 1<2pk+1)dueto p,g =1, |o1| <8 < 1 and we set Cy, =

(2p)!*2lg=*21 M. Here we also use that max(x, y) < xy when x, y > 1. Using this inequality and
the one in (19), from (18) we obtain

18 (Y (— Ins: e)s" 7T < Ky () (k + 1) (= Ins) Vs P=30k4A= =0 = 90
where we set C, = max(CA’g1 ; £1 < v) and, on account of ZZ1+€2=u ag e, = pIB

K, =2 max(IQZICgZ; £+l =v).

Let us remark that the above estimate holds for all s € (0, 1/¢) and @ € C C U; with § € (0, %].
As a matter of fact, at this point we shrink it so that § € (0, %), which in particular implies
p—35=> %. Consequently, using also the fact that A > 0, from (20) we get

19" (W (= Ins; @)s"P )| < Ky (Co)* (k + D3 (— Ins) s E=IDA=Y0 —: iy (). (21)

On account of Remark 3.1 it easily follows that a sufficient condition for s > my(s) to be
monotonous increasing on (0, 1/e) is that

k>9v| =:k,.
Note on the other hand that
mi(s) = Ky (Cos "Mk k + 13V (= In gyl =M=,

Thus if we take sg := min(%, (ZC_’U)_4) then the series with general term My := my(sg) is
summable and, additionally, from (21) and the monotonicity of m(s) on (0, 1/e),

18" (Y (= Ins; &) s*P )| <my(s) < My for all s € (0, s0) and k > k,.

This proves the validity of the claim and consequently, by applying Lemma B.4 recursively, if
s € (0, s9) and o € Us then

I® ~+00
Oy o Z wlg(—lns;a)spﬂk — Z 3, (%g(—lns;oc)s”k“) 22)

k=K, k=K,
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forall v e Zi’g’ Uand K 1 € N. (We stress that the above identity is valid regardless of K > k,
and this is crucial in what follows because &, depends on v.)
We are now in position to finish the proof of the result. We will show that (17) holds taking

K1 :=max(0, [4L7] + 4). To this end, recall Definition 1.2, we fix any v € Z1>v(-)1-1 and a* =
0,2, ...,ay) € Uy = {0} x RV~! and we take a relatively compact neighbourhood V of o*

contained in Us with § = min(%, ﬁ). Then, from (22) and using the upper bound in (20), for
each s € (0, sp) and @ € V we have

+00 T

1 A 1 A

oo | 20 v Inssens™ 1< 3 [0, (— Inss )s?H)|
k=Kp, k=Kp,

400
< Ry(— )10 ™ (g )3 5030k

<KyMys™"ET0AK L 4+ 1)3M(C,) K s (P30 KL

< RyMyA(KL + 1)II(C,)KesiKi=t=v < ol

In the third inequality above we apply Lemma 3.2 and set M, := sup{s*(—Ins)"l; s €
(0, 50), lo1| < &}. Next, in the fourth inequality, we take 6 = min(%{, \llf_l) into account. Finally
in the last inequality we set C := K, M, A(K1 + 1)3"I(C,)X~ and use that K; > 4(L + 1). This
completes the proof of the result. W

Proof of Theorem A. By Theorem 3.3, for each compact set C C Us with § € (0, %] there exists
so > 0 such that

+o00
D(s;a) = Zw,g(—lns; o)s*P* for all s € (0, so) and o € C.
k=0

In addition, for each L € R there exists K;, € Z>¢ such that

+00
Di(s;a) = Z wkl(— Ins; o)skPH* € Fre(U).
k=Kp,

If K = 0 then the result follows taking A = 0. If, on the contrary, K; € N then by Theorem 3.3
we know that there exists A(z, w; o) € Q[z, w, o] with A(0, 0; @) = 1 such that

Ki—1
Z 1//,: (—Ins:; @)s*PT™* = sF A(sP, sPw; ),
k=0

where w = w(s; o). By gathering the homogenous part of A of i-th degree, for i =
0,1,....d:= deg( ) A, it turns out that we can write s*A(s?, sPw) = ZflzosHpip,' (w; @)
where p; (w; o) € Q[w, a] with deg,, p; <i. Then, due to A = % and by (d) in Lemma A 4,
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note that s**P! p;(w; o) € F°(Up) provided that i > % - %. Consequently if L > g then
there exists a unique polynomial A(z, w; @) € Q[z, w, o] with A(0,0; &) =1 and deg(z’w) A<

L% — %J =:d, such that

d d
Az, w; @) = Zs”ipi (w; @) and Z s*HPp(w; ) € F2(Uy),
i=0 i=d+1

where, in case that d < d, the second summation is void and we set p; =0 for i > d. Hence
the result follows taking A and ZQZ I l/fkl(— Ins; )s*P+* instead of A and 2 respectively.

Observe on the other hand that if L < 5 then s*A(s?, sPw) = Zd:() s*TPpi (w5 @) € F2(Ug)

]
and so in this case the result follows taking A = 0 instead of A. This concludes the proof of
the result since the uniqueness of the polynomial A in the statement follows from the fact that
sM TPt ¢ FRUp) ifi <d. M

4. Dulac time

In this section we will prove Theorem B. To this aim, for the sake of convenience, we begin
by introducing

—Ins
Tiji(s; @) i= / Dyl (1 aydt, fori, j € Z and k € N, (23)
0

and in its regard we prove the following result.

Lemma 4.1. For each i, j € Z and § € (0, %] there exists ko € Z>o such that for all v € Z]ZVJI

and compact set C C Us there exist C,,, K, > 0 so that the upper bound
8" Tijic(s: 0] < Kok + 1PV (= Ins) Mg/ oG
holds for all k > ko, s € (0, 1/e) and « € C.

Proof. The result follows by applying Lemma 2.7 to the given compact set C C Us and v €

Z]!(;H. Denote v = (vp, v1, ..., vy) and suppose first that vy = 0. In this case if s € (0, 1/e) and
a € then
—Ins
v o .
ERGIGIEY (61 z2> / 9L (UM al2 gl (15 )| di

C1+Lr=v 0

—Ins
< ZIV‘IQU(/( + 1)3|V|(Cu)k / e(i—lj)l(jt/q)@ll max(1, t)llee(3k+\52|)5fdt
0
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—Ins
<Kok + D3(C ) (= sy / =AU g
0

< Kv(k + 1)3\l)|(cv)k(_ lns)|v\s)»j—i—(3k+|v‘)8’

where in the first inequality we apply Theorem B.2, in the second one Lemma 2.7 and Re-
mark B.3, in the third one we set K, :=2/"!(j/¢)"' K, and we use that max(1, ) < —Ins for all
t € (0, —1Ins) dueto s € (0, 1/e), and in the last one we take

k> koi=max (0, [ 5 (1= + 22211) ) 24)
in order that i — Aj + (3k + |v])§) > 1 holds for all @ € Us and k > ko. Here we use that A €

(prs’ ’%”3) due to |aq| <8 and A = %. We stress, and this is crucial, that kg is independent

from v and C. This proves the result for vy = 0. Let us consider next the case vg > 1 and to this
end we denote V' := (vg — 1, vy, ..., vy). Thus, from (23) and Theorem B.2,

0 Ty (500 = =5 10" (179 (~ns; o))
/
_1 v Oy Aj—izaly . J .
=—s ) (61’£2>a LM% (Y] (—Ins; ).
L1+Lr=V'
Then the application of Lemma 2.6 and Lemma 2.7 show respectively

|07 (67 < Moy (= Ins) T max (1, [ = D150 1)

and, since max(1l, —Ins) = —Ins due to s € (0, 1/e),
072 ] (= nss )| < Rey (e + 1IN (C ) (= In )2l = Gh10205,

Setting K, := sup{Mgllebmax(l,Mj—i|)wl|(|j|/q)510;aeC,El—G—Ez:v’} and C, =

max(éjgz; £y < V'), we can assert that if s € (0, 1/¢) and @ € C then
0" Tijic(ss )] < 2M7T Ky (k4 DM (C) (= Ins) Mg =m0 -GS,

Here we also take €1 + £, =V’ =v-— (1,0,...,0) and Remark B.3 into account. Consequently,
setting ko := 0 and K, := 2WI=1 K the result follows in case that vo > 1. W

Recall at this point, see (2), that Theorem B concerns with the Dulac time associated to

1
B= -
Box™y" +ut 3L, prui~!

Y,

o>

where m, n, ¢ € Z and u = x?y? with p, g € N. For this reason, as an intermediate step, we next
consider the Dulac time 7;;(-; o) of ﬁXa for any i, j € Z. In its regard the next statement

explains the convenience of introducing 7; jx, see (23).
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Proposition 4.2. For each compact set C C Us with § € (0, %] there exists so > 0 such that the
Dulac time T;j(-; a) of the vector field X%Xa, where i, j € 7, writes as

}Yj
+00 )
Tij(s;a) = Zs’erkTijk(s; a) forall s € (0, sg) and a € C (25)
k=0

and the series is absolutely convergent. Moreover, for each L € R there exists K1 € Z>qo such
that

+o00 )
D s T (s ) € FPP(U). (26)
k=K

Proof. Lett (x(t, po; @), y(t, po; a)) be the solution of X, passing through po € R? at¢ = 0.
Note that if py = (s, 1) with s > 0 then x (¢, po; o) = se’ intersects the transversal section {x = 1}
at t = —Ins. Thus the time T;;(s; o) that spends the solution of X,ITXD, starting at (s, 1) with
s > 0 to reach the transversal section {x = 1} is given by

—Ins —Ins

+00
Tij(sia) = / @t 5. i) (v(t.5, 1 @) dr = / sty "yl (e,
0

o k=0

where in the second equality we apply Lemma 2.5. In this respect observe that, due to
9;Q(t,a1) =e*" >0, for all t € (0, —Ins) we have

sP max (¥ Q(t, a1),2Coe® ) < sP max (¥ Q(t, a1),2Coe™)| __

=sP max(%w(s; o), 2Cos’8) <1,

provided that s > 0 is small enough because lim;_,o+ s”~® = 0 and, by (b) in Lemma A .4,
sPw(s; a1) tends to zero as s — 0T uniformly on Us. Consequently, recall the definition in (23),
the first assertion in the statement will follow by applying Lemma B.5 once we show that for
each compact set C C Us with § € (0, %] there exists sg > 0 such that

+00 —Ins
> / s =Dy (1 a)’dt < +oo forall s € (0, s9) and & € C. (27)
k=0

With this aim let us note that, by applying Lemma 2.7 with |v| =0,

—Ins —Ins

/ kD =2t w}{(t;a)‘d[ < KO(CjO)ksi+kp / Pli—Hj 3k
0 0

s—(—Aj+3k8) _

i —Aj+3ks

= Ko(Cjo)k st < Ko(Cjo)ksk P+,
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where in the last inequality we use that p — 38 > %, dueto é € (0, }T), and we take k large enough
so that i — Aj + 3k > 1. Thus the above upper bound readily shows the validity of (27) taking

S0 = (Cjo)_l/(”_%) because it guarantees that Cjosp_?’t < 1 forall s € (0, s9).
With regard to the last assertion in the statement let us first note that, by applying Theorem B.2,

0 (s T = Y (El"gz)a’“(s"ﬂ”‘)a“(ri,»k(s;a)).

l1+Lr=v

Accordingly, by Lemma 4.1, there exists ko € Z>¢ such that, for all v € Ziv(;" Uand compact set
CcUs, -

0¥ (s" TP T 1 (55 @)

< Z <g1v52) Ko, li + kp|£‘0 k + 1)3M2|(C42)k(— lns)Ilz|S)»j+pk—’élo—ezo—(3k+IVI)5
L1+€r=v ’

provided that k > kg, s € (0, é) and « € C. Since |i 4+ pk| < (k + 1)(Ji| + p), setting C, =
max(Cy,; £> < v) and Iev =2 max (K, (Ji]| + p)e'o; {1+ €2 =v), we can assert that if k > ko,
s €(0,1/e) and @ € C then

197 (PR i (55 @) | < Ky (k 4 DHN(CL)* (— Ins) P ghd +(p=30k=vo=IvId (28)
< Iev(k + 1)4\V\(év)k(_ lns)lv\s)/+(k—lvl)/4—w) = mi(s),

where in the first inequality we also take £1 + £ = v and Remark B.3 into account, and in the
second one we use that § € (0, %), p=1land Aj > —p—+8|j| =: y. (Let us remark, it will be
important later on when we use the previous inequalities, that kg is independent from v and C.)
On account of Remark 3.1, a sufficient condition for s — m(s) to be monotonous increasing on
(0, 1/e) is that k > 9|v| +4(vp — ), and for this reason we set

ky :=max ([5v] +4(vo — ¥)1, ko) .
Note on the other hand that, due to
mi(s) = Ku(Cos ) (k+ D (= Ins)Plsr =P =w0,

if we set sg := min(1/e, (Zé’V)_4) then the series with general term My := m(sp) is summable
and, moreover, thanks to the monotonicity of m(s) on (0, 1/e),

|8”(s’.+pk7},~k(s; o)) <my(s) < My forall s € (0, s0), @ € C and k > k.

Hence, thanks to the Weierstrass M-test, for each v € ZQ’S‘ ! the series Z,fio 9V (sitrk Tijk(s; )
converges uniformly for s € (0, s9) and « € C. Consequently, by applying recursively Lemma B.4
starting from (25), we have that for each compact set C C Us and v € Zi\’ar ! there exists so>0
small enough such that if s € (0, s9) and « € C then a
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+00 +o0
0" T (s30) = 9" (Zs"”"n,-k(s; a)) =0 (s Tetsi ). (29)
k=0

k=0

We are now in position to finish the proof. Indeed, we claim that (26) holds taking
K; :=max (ko, ’74L + %Ijl-l + 8) .

(Recall that kg is the nonnegative integer given by Lemma 4.1, see (24), which is relevant for
our purpose because it guarantees the upper bound (28) for k > ko.) We point out that K, is

independent from v and C. In order to show (26), recall Definition 1.2, we fix any v € Zi’g‘ land

o =(0,a,...,ay) € Uy={0} x RN=1, and we take a relatively compact neighbourhood V of
o* contained in Us with § = min(%, |Tl\)' Then, from (29) and using the upper bound in (28), for
each s € (0, s9) and @ € V we have

+00 +oo
5. Z (sl-i-kaijk(s;a) < Z asv,oz(sﬁkaijk(S;Ol))‘
k=Ky k=K,
) +00
< 12,,(_ lns)|V|sM_|V|5—”0 Z k + 1)4|U|(éusp_35)k

< Ievasljflv\a*VO*lA(KL + 1)4|V\(CA'U)KLS(P*35)KL

< Ry My A(K L + DI, K shitaki=2=vw  cglw,

In the third inequality above we apply Lemma 3.2 and set M, := sup{s(—Ins)"!; s € (0, 50)}.
Next, in the fourth inequality, we take § = min(%, |17|) and p > 1 into account. Finally in the last
inequality we use the definition of K, which implies Aj + %K L —2>Ldueto A < pTJ”S, and

we set C .= I%UA;IVA(KL + 1)4|”|(6‘U)KL. This completes the proof of the result. W

Finally, and this will be the last ingredient for the proof of Theorem B, we next study the finite
truncation of the series given in (25). We will show that it can be written in terms of polynomials
in s? and sPw.

Lemma 4.3. Consider i, j € Z and K € N and define

K—-1
K,.. . i+ pk .
TX (i) =) s P Tji(s: ).
k=0

Then, setting w = w(s; o1), the following holds:

(a) Ifig — jp # O then there exists Il-f(z, w; ) € Q(ay)z, u.), oy, ..., 0N], with fiegz’w(tif) <
K and not having poles in o1 = 0, such that T[f (s) = st le/{ (s?,sPw; a) — s tl.j.( (s?,0; ).

b) If (i, j)=r(p,q) withr € N then there exists Qilj.(z, w; a) € Q[z, w, o, with degz,w(gilj(‘) <
K +r and Qﬁ (z,0; @) =0, such that Tlf (s) = Q{? (s?, sPw; ).
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Proof. By applying (a) in Lemma 2.1, from the definition in (16) we get the existence of a
polynomial R,i (z; @) € Q[z, a] with degz(R,i) < k such that

vl (1; @) = RU(QU; a1); @), where Q(f; a) = £2=1,

o]

Accordingly, from the definition in (23) and by performing the coordinate change w = Q(¢; 1),
we get
—Ins w(s;a)
(=1t pJ Tl
Tiji(s; ) = / e THIRE Qs ) ) dt = / (A +oaw) R (w;a)dw,  (30)
0 0

where we use that Q(—1Ins; a1) = w(s; a1) by definition. If i — Ajl,, —¢ 7# 0, which is equivalent
to pj — qi # 0, after integrating by parts k times we obtain

i—Aj

Aty [ 0 RY (w: o) (1 + oty w)
Tiji(s; ) = ————— | R{(w; ) — —k -
i—Aj i— A+
02 R] (w; a)(1 + aw)? (—1F3% RY (w; ) (1 + ayw)k wlssen)
(= Ajta)l —Arj +2ay) (i —2j+ar)- @ —Aj+ker) /|
It is clear then that there exists a polynomial 7;jx(w; &) € Q(o)[w, @2, ..., an], not having

poles along o1 = 0 and with deg,, (7;;x) < k, such that we can write

ST ji(ss ) = 5" ((l +aiw) 1 Tji(w; o) —T,-jk(O;a)>

Atk . itk
= 5" (@ @) — T3 (05 )5,
where we set w = w(s; «1) for shortness and in the second equality we use that 1 + oy =57,
On account of this there exists 7;;x(z, w; @) € Q(o1)[z, w, aa, ..., o], which is homogenous of
degree k in z and w, such that

sitkp Tijr(s; o) = sM Tijk (sp, sPw; a) - sifijk(sp, 0; ).
In view of this it is clear that the assertion in (a) follows taking rilj{ = Z,fz_ol T;jk. With regard to

the one in (b) we note that, since (p, g) = 1, the equality pj — gi = 0 holds if and only if there
exists r € Z such that (i, j) =r(p, ¢g). In this case, from (30), we deduce that

(s;o)
Tijk(s; o) = / (1 +ayw) ™ R (w; @)dw.
0

If r € N then T;j (s; ) = 0ijk (@; &) — 0k (0; ), where ;i (z; @) € Q[z, a] with deg, (0;jx) <
k + r. Hence there exists @i‘/k(z, w; @) € Q[z, w, «], homogeneous of degree k + r in z and w,
such that
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i+k . k . ~ . ~ .
ST (sy ) = sPUO T (ss ) = Bijic (57, sP w3 @) — 01 (57, 0; ).

Since Tlf (s;a)= Zk —0 s’+ka,~jk (s; o), this shows that (b) follows taking

K—1

K C o) - . .
Qij (Zv ws a) = Z (Qijk(zs w; a) - Ql’jk(zv Oa a)) ’

k=0

which concludes the proof of the result. H
We are now in position to prove our second main result.

Proof of Theorem B. Recall that the family of vector fields under consideration is given by

1

Ya,ﬁ N
Box™y" +ZMH YBisi—cul

2]

where ¢ € Z is defined in (1), u = x”y4, (p,q) = 1 and
Xo :xax + % (—p + va:_ol Oli+1ui> yay.

Let the solution of X, passing through pg € R? atr =0 be f — (x(t, po; &), y(t, po; oz)). Then,
if pg= (s, 1) withs > 0, x(¢, po; o) = se’ intersects the transversal section {x = 1} att = —Ins.
Consequently the time T'(s; «, B) that spends the solution of Y, g starting at (s, 1) with s > 0 to
reach the transversal section {x = 1} is given by

dt

i=t

~Ins M+e—1
T(S;Ot,ﬂ)=f (ﬂox’"y"+ > ﬂi+1_e(x”y")’)

0 {x=x(t,s,1;),y=y(t,s,1;)}
M+l—1

=BoTmn(s; @)+ Y Bivi—eTipiq(s; @),

i=t

where Tj;(-; ) is the Dulac time of —— X, which is precisely our concern in Proposition 4.2

and Lemma 4.3. It is clear then that, by applymg Proposition 4.2, for each compact set C C Us
with § € (0, %] there exists s > 0 such that

too M+0-1
T(s;a, p)=) s (ﬂOSmenk(S§a)+ > ﬂi+1zS”’Tip,iq,k(S;a))

k=0 i={

for all s € (0, sg) and « € C and the series is absolutely convergent. Furthermore we can assert
that, for the given L € R, there exists K; € Zx( such that
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+00 M+e—1
TL(sia, B)i= Y s (ﬁosmenk(S;Ol)-l- > ,3i+1—/éslpTip,iq,k(S§0[)>

k=K i=¢

€ F°(Up x RM+1),

where Uy x RM*1 stands for the set {(«, B) € RM+N+1. oy = 0}. This assertion follows by
taking (26) into account and applying, in this order, (c¢), (b) (g) and (e) in Lemma A.3.

On the other hand, by Lemma 4.3, there exist to(z, w; @) € Q(a1)[z, w, a2, ..., ay] without
poles along @1 = 0 and 0, (z, w; @) € Q[z, w, «] with 0;(z,0;¢) =0,i =0, 1, ..., M, such that
setting

sMTo(sP, sPw; o) — s"1o(sP,0; ) if mg —np #0,

Ls; ) i =1 s*Poo(s?, sPw; a) if mq —np =0 and (m, n) # (0, 0),
—Ins if (m,n) = (0,0),
tp P sPw: if ¢ >0,
L5 ) = sPoi(s?, sPw;a) 1 >
—Ins if£=0,
and
ZLi(ssa) :=sT=DPo(sP sPw;a), fori =2,3,..., M,
then

Kp—1 M+e—1
T'(s; 0, B):= ) s* (ﬂosm mnk(si @)+ Y ﬁi+1_gs"’np,iq,k(s;a>)

k=0 i=0

M
=B0-Lo(s; &) + PL.Li(s; ) + ) BiLi(s; ). (31)

i=2

With regard to the cases considered in the definition of %, let us note that if mg —np =0
then, due to (p, q) = 1, there exists n € Z such that (m,n) = n(p, g). Thus, by assumption,
n=kK:= (max (m, ﬂ)—| > 0 and hence, on account of Definition I, £ =71 + 1 > 0. (In partic-
ular, if mg — np =0 and (m,n) # (0,0) then n = x € N, and so the assertion with respect
to £ follows by (b) in Lemma 4.3.) If, on the contrary, mqg — np # 0 then, by Definition |
again, £ = x > 0. Note also that if (i, j) = (0, 0) then T;;(s; @) = —Ins, which yields to the sub-
cases (m,n) = (0,0) and £ = 0 in % and .4, respectively. In this respect, Z(s; @) = —Ins in
case that (m, n) = (0, 0), which implies £ > 1, and then, .Z|(s; @) # — Ins. On the other hand,
A (s; ®) = —Ins in case that £ = 0, which implies mg — np # 0 due to (1) and the assumption
k > 0. Accordingly, in this case, Z(s; ) # —Ins.

Taking the previous considerations into account, the assertions with respect to TX follow
from (31). This concludes the proof of the result. H
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Appendix A. Results about the class F, 5 (W)

The present section is devoted to show a number of general properties about the class F, f (W).
We first prove that any g(s; u) € F, f (W) extends to a finitely smooth function (on s and the
parameter ) along s = 0. (This applies in particular to the remainder &y, in Theorem A, as well
as to 71, in Theorem B.) On the contrary, we will provide an example showing that a function
g(s; n) verifying the estimates in (4) but only with respect to the s derivative (i.e., with v =
... = vy = 0) may not have an extension along s = 0 which is %’* on s and the parameter 1 (see
Example A.2).

Lemma A.1. Let U be an open set of]RN, KeZsoand g(s; n) € CKSEO(U) such that, for some
WcCUand L €R, g(s; ) € .FLK(W). If L > K then g extends to a €X -function g, defined in
some open neighbourhood of {0} x W in RNt and satisfying 8°§(0; u) =0 for all w € W and
veZYH with v < K.

Proof. Dueto g(s; u) € ‘KYEO(U ), by definition there exists an open neighbourhood V of {0} x U

in RV*! such that (s, 1) — g(s; ) is €€ on V. :=vV N ((0, +00) x U). Then the function

L [eUslw ifs#0and (sl ) € Vy,
g(s;p) = .

0 ifs=0and u e U,
is well defined on {(s, nw) € RN+, (s, n) € V+} U ({O} X U), which is an open neighbourhood

of {0} x U in RN+ Moreover, for v = (vg, V1,...,VN) € ZQ(;“ with [v| < K, it is easy to show
(by induction on vgp) that

9"8(s; ) =sgn(s)™ 0" g(Is]; ) for s # 0 with (|s|, u) € V4. (32)

Next we fix any & € W. Then, due to g(s; ) € .7-"5 (), by definition there exist sg, &, C > 0
such that, for each v € ZQ(SH with [v| < K,

|8 g(s; )| < Csh7™ forall s € (0, 50) and || — ]| < e. (33)

We claim that g(s; u) is of class €% in a neighbourhood of (0, 2) and that 3"g(0; i) = 0
for all v € ZQJ(;H with |v| < K. Since f is arbitrary and, on account of (32), § is €% on
{(s, ) e RNTL; (Is], w) € V4 }, the result will follow once we prove the claim. To prove it we
will show by induction on v that if |[v| < K then |8”g(s; w)| < Cls|E" for all (s, u) with
s € (—s0,50) and || — ft]| < €. (This will imply that 3" ¢ is continuous and vanishes at any
(0, w) with || — ]| < &.) Denote v = (v, v2,...,VN) € ZQ’O for shortness so that v = (vg, V).
The base case vy = 0 is clear because, taking (32) and g(0; u) = 0 into account,

5 I OMg(|sl; ) ifs#0
8(0’1}) A ; — ) )
861 =1 if s =0,
that has absolute value smaller than Cls|Fif |u — 2]l < € and s € (—s0, So) thanks to (33) and
a0 5(0; ) = 0. Let us take next any v > 1 and show the inductive step. Then, by using (32)
and that 30~1¥)5(0; ) = 0 due to the induction hypothesis, we get
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sgn(s)avg(|s|; u) ifs #0,
0" (1) = L 0D g
z

z—0

if s =0.

Therefore [3”g(s; )| = |sgn(s)*°3"g(|s|; w)| < C|s|*~™ in case that 0 < |s| < sg, thanks

(vp—1,0)
to (33), whereas 9Vg(0; u) = O because the induction hypothesis implies ‘M‘ <

ClZ‘L7U0+1
H]
18V 8 (s; )| < Cls|E=0 for all (s, ) with s € (—so, s0) and || — fi|| < &, and this proves the

induction step. Consequently the claim is true and the result follows. H

= C|z|¥~, which tends to zero as z — 0 due to L > K > |v| > vg. Accordingly

Example A.2. With regard to the previous result we now exhibit a ¥ function g(s; i) on
(0, +00) x R verifying [dg(s; )| < Cst~i foralls >0, u e Rand i =0, 1,..., L, but such
that 9, g(s; u) does not have a continuous extension along s = 0.

Let us begin by taking a ¥°° bump function ¢ :R — [0, +00) defined by ¢(x) =
exp(—)cz/()c2 — 1)?) if |x|] < 1 and zero otherwise. Let us fix besides any « € (0, 1) and de-
fine g = 1% Then, for each k € Z >, define Ej :={(s, n) € R2; pr(s, u) < 1} where

2s — Bak)\? B2
P :=<a’<(1—ﬂ)> +(Gam)

The sets E, k € Z>, are pairwise disjoint and, furthermore, every (s, u) # (0, 0) has an open
neighbourhood that intersects at most one Ej. This shows that

400
g(s; )=y o™ o(pi(s, )

k=0

is a well defined ¥’ function on R2 \ {(0, 0)}. For the same reason we can commute derivation
and summation and then, by applying Theorem B.1,

“+o00 n ) 3
gl =Y a3 00 (pisi ) Z H X ",S,)’f D" forall 5. 1) # 0.0)
k=0 j=1 Fiyeees T

where the third summation is subject to the coupling conditions >/, r; = j and ) ;_,ir; =n.

. 2-i i
Observe that 3! pi (s, ) =2 (iﬁ,faﬁ‘g) ((xk(lz—ﬁ)> for i = 1,2 and zero for i > 3. Thus, if

. i
(s, u) € Ey then [9{pi(s, u)| <2 (#—ﬁ)) for all i € N. Consequently, if (s, u) € Ey, and
n € N then we get

n
|8?g(5, ,U¢)| < C/aLk() H(a—k())iri — C/akQ(L—n) < C(Jl(k0+l)(L_n) < CSL_n,
i=1

where C' is a positive constant (depending on n, « and |||, j =1,2,...,n), C :=C'a" L
and we use that s € [a%0F! k0], The same inequality is valid for n = 0 since |g(s; n)| < otk =
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a Lal®otD < o=l Accordingly g verifies the desired bounds with respect to the s deriva-
tives.

The sequence of points (s;, ;) := (ﬂai, 2_1/205Li) € E; tends to (0, 0) asi — oo and, on the
other hand, an easy computations gives

18,08 (i3 )| = 18,00 (pi (siy i) = a9 (1/2)],

which tends to +o00 as i — o0o. This shows that 9, g(s; ) does not have a continuous extension
at (0,0). O

Next result gathers some general properties with regard to operations between functions in
]-"f (W) with K € Z>oU{oo} and L € R. Let us point out that the inclusions in () and (¢) must

be thought with the natural identification of functions on R to functions on R¥ x R " via the
projection RY x RM — RM,

Lemma A.3. Let U and U’ be open sets of RN and RN ' respectively and consider W C U and
W' C U'. Then the following holds:

(a) ff(W) - ff(ﬁ/)for any W C W and Ny ff(Wn) =]-"£( (Un Wn).

(b) FEW) CFEW x W),

(© ¢KW) cer ) c FEwW).

d) IfK =K' and L > L' then FX (W) c FK'(w).

(e) F} K(W) is closed under addition.

) Iffe ]—'K(W) and v € ZNF with |v| < K then 8 f € Ff )" \(W).

Q) FXw)-FEW)cC F +L/(W)

(h) Assume that ¢:U —> U is a €K function with (W'Y C W and let us take g € Fg(W’)
with L' > 0 and verifying g(s; n) > 0 for all n € W’ and s > 0 small enough. Consider also

any f € fK(W). Then h(s; n) = f(g(s;n); ¢(n)) is a well-defined function that belongs
to F L,(W ).

Proof. Let us begin by showing (g) since the previous assertions are straightforward. Take
f(s;p) € FE(W) and g(s; p) € FX(W) and fix 2 € W and d € ZY§" with [9] < K. Then,
by definition, it follows that there ex1st a nelghbourhood V oof i and C,so > 0 such that
18Y f(s; )] < CsE™ and [8Vg(s; n)| < Cst =0 for all neV,se(0,sy) and v € ZN+1 with
|[v| < |D]. Thus, by applying Leibniz’s rule (see Theorem B.2), if € V and s € (0, s9) then

Bﬁ(f(s;u)g(s;u))‘é > (vlv )|8u1f(s 118" g(s; w)| < CsEFE oo,

Vi+vp=D

where we use vio 4 va9 = Do and set C := C? Zv1+vz:v (v1 vz) C22I" Thus fg e F +L,(W).

Let us turn next to show the assertion in (/). To this end fix any b € ZQOH andfje U' c RN,
Then, by definition, it follows that there exist a neighbourhood V' of # and C’, s; > 0 such that
Vg (s; )| < C'sE' =" forally € V', s € (0, 1) and v € ZY;! with [v| < ||. On the other hand,
there exist a neighbourhood V of fi := ¢ (7)) € U Cc RN and C, sp > 0 such that |38 f(s; u)| <
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Cst™ forallp e V,s € (0,s;) andv € ZN+1 with |v| < |D|. Consider now a relatively compact
neighbourhood V” of #) with V” C V' and q)(V”) C V. Then, on account of L’ > 0, there exists
s3 € (0, s1) such that g(s; n) € (0, s2) for all s € (0, s3) and n € V”. The application of Faa di
Bruno formula (see Theorem B. 1) to compute the derivative of h(s; n) = f(g(s; n); ¢ (n)) yields

3’h(s;n) =

q N
= > P W e amsm 2 OV Cre, @ gt [T ¢,

1< p(a) =l j=1

Here we set Cyy, = rand g == —1 + ]_[lN:/O(f),- 4+ 1) for the sake of shortness.

ki1 !)lk
Note that the vectors A, k; € ZQJ Uand ¢ € ZN +1 are subject to the coupling conditions
ki =% and 37_, |k;i|¢; = D. Accordingly if we define Cl, =TI, Cre and C?, =

sup{l—[i:1 Hj:l |84 g (n)|5ii; n € V”] and we take any s € (0,s3) and n € V",

0'hsiml< Y. CglsimE0 Y (V')Ckzck(zl_[(cl L' —tiyho

1<IAID] PO
= Z Cg(s?’?)L_ko Z CgeSZ?:l(L/_ZiO)kiO
I<IAI<I] o)
< Z C(C'styL=2 Z C}, st 00
1SS et

where we set Cj, := (DNC],CF, [T, (CHk0 = DHC},CE,(CH* and use Y7L, kiolio < Do.
Hence, setting C:= Zlé\kl<lﬁl C(CHL— Zp(ﬁ,x) Cge, this shows that |8‘3h(s; | < CsLL' =
for all s € (0, s3) and n € V”, which proves the validity of (). This completes the proof of the
result. W

Next result gathers some interesting properties of the Ecalle-Roussarie compensator that will
be used in this (and a subsequent) paper. In the statement we use the notation x* := max(x, 0)
and x~ := max(—x, 0) for, respectively, the positive and negative part of a given x € R. Note in
particular that then x =x™ — x~ and |x| =xT +x~.

Lemma A .4. The following assertions hold:

(a) For each compact set I CR and v € Z 20 there exists a constant C > 0 such that

19w (s; )| < Cs™ ~™|Ins|"foralla € I and s € (0, 1/e).

Moreover limg_, o+ = «~ uniformly on o € R so that, in particular,

1
: w(s;a)
limg, o) 0+,0) 570 = 0
(b) Foreache >0, (s,0) = w(s; a) belongs to FX({a < €}) and (s; o) —
FXRMR).

m belongs to
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(c) Foreach LR and £ € Z, (s, a, B) — sPw’(s; a) belongs to Frr{(@,p) e R2; 8>L+
LTath.

d) If p(z; ) € €XWU)[z,z7"], where U is some open set of RN, then (s,a, B, 1) —
sPp(w(s; a); 1) belongs to ]-"f({(oz, B eR*xU:a=0,>L)).

Proof. For the sake of convenience we prove first the assertion (c¢) for £ = 0. To this end we
apply Lemma 2.6, which shows that for each i, j € Z>¢ there exists M > 0 so that, for every
s €(0,1/e),

EX ags5| < MsP~ max(|Ins|, |B])' T/ = Mst 7 sP~L max(|Ins|, |8/ . (34)

Let us fix ,3 € R with ,3 > L and take a compact neighbourhood I of ,3 such that § — L > 0
for all B € I. Thus C := M sup {sP~Lmax(|Ins|, |B))*/; B € 1,5 € (0,1/e)} is finite and so,
from (34), |9 8és’3| < Cst~i forall s € (0, 1/e) and B € I. Hence 5P belongs to F2°({8 > L}),
which is a subset of ]-'I‘fo({(oz, B) e RZ; B > L}) by (b) in Lemma A.3.

We show next the validity of the inequality in (a). Take v = (vg, v1) € Zio and a compact
set I of R and let us consider first the case vy > 0. Then, if « € I and s € (0, 1/e),

10w (s; @) = [0~ LD g=¢= 1 < g™ max (| Ins), | + 1)1~

—o— _ —_at—
< Cs™ @ | Ins|M < €57 70| s |V,

where the first inequality follows from (34) taking i =vg — 1, j =v; and 8 = —a — 1,
and the second one setting C := M max(1, sup{|a + 1|; & € I})!"=! and using previously that
max(a, b) < amax(l,b) for any a > 1 and b > 0. In order to prove the same inequality for
vg = 0 note that w(s; @) = F(alns)Ins with F(x) := 37’;*1 and so, in this case, ' w(s; @) =
3 (F(alns)Ins) = (Ins)"' T FOD (¢ Ins). We claim that

|[F™ (x)| <e* forall x e R and n € Z .

In this respect observe that, due to x ™| _ = max(—alns, 0) = —Ins max(o, 0) = ln(s_"ﬁ),
x=alns

the claim will imply 8”@ (s; )| < s [Ins|"1 ™! = s~ =0|Ins|"+! for all s € (0, 1/e) and
o € R and, consequently, the validity of the inequality in (a) for vp = 0 as well. To prove the
claim we note that F is an entire function which, differentiating term by term its Taylor’s series
at x = 0, verifies

F(”)(x) - _ -io M = (—1)”+] +§ i for all x € R.
r—m)!@r+1 pard Klk+n+1)

r=n

Hence, on account of ﬁ < 1, we get |F(") ) < el for all x € R. In its turn this implies the

claim for x < 0 because, in this case, x~ = |x|. The proof of the claim for x > 0 is a little more
o (f’“l )( < 1 for all x >0, and it is clear that this will follow

involved. We must show that
once we prove that
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.
0<a;g(e )glforanxgo. (35)
X

To prove these two inequalities we first check by induction on n € Z>¢ that

X +0o0 k
3" et — 1 =exn!zi,
X Pt k+n+1)!

which is valid for all x € R because x > =1

we can assert that 97 (e"x_—1> > 0 for all x < 0. In particular this implies 8)’}_1 (—ex_l) <

is an entire function. Hence, for any n € Zxo,

X

8;“1 ( | 0= < 1 for all x < 0 and n € N. Thus both inequalities in (35) are true and

so the claim follows for x >0 as well.

Let us prove now that limg_, g+ =« uniformly on « € R. By distinguishing the cases

1
w(s;a)
o <0, =0and ¢ > 0, one can check that

-« EIE which is strictly positive in

1
w(s;00)
case that s € (0, 1) due to w(s; ) = f x gy, Accordingly, for each given ¢ > 0 we must
find sg € (0, 1) small enough such that if s € (0, s9) then

- w(s

< ¢ forall € R. 36)

T w(s; lal)

1 | 1
'w(S;a)_ ‘

If o #0 then —— 12l __ S, in this case, the above inequality holds if and only if s <

a)(v |oz\) slel 7

1+ |axl/e)~ /1l In this regard note that, for every ¢ > 0 and @ € R,

_L
L loe] \ T Ial
=lm |14+ — 14+ —
a—0 &

—1/x

e

o=

because the function x > (1+ %) is increasing on (0, +-00) for every & > 0. Hence this
shows that, for o # 0, the inequality in (36) follows taking so = ¢~/¢. This is also true for @ =0
because in this case the inequality in (36) simply writes as —ﬁ < &. Thus limg_, o+
uniformly on « € R, as desired.

We turn next to the proof of the two assertions in (b). To show the first one we consider the
given ¢ > 0 and any & < ¢, and we take a compact neighbourhood I of & such that « < ¢ for all

« € I. Then, by applying (a), for each v € Z2 <o there exists C > 0 such that

1
w(s;a) o

19w (s; )] < Cs s |Ins|"*! forall & € I and 5 € (0, 1/e).

Thus, since @t < ¢ if and only if & < ¢, taking C:= Csup{sg’“+|lns||”|+1; se(0,1/e),a e},
from the previous estimate we get [0 w(s; a)| < < Cs™¢ forall s € (O, 1/e) and « € I. This
proves that w(s; @) € F2;({o < ¢€}), as desired. Let us prove next that ——— 5 € F(R) for all
& > 0. So consider any & € R and take a compact neighbourhood / of a Theorem B.1 shows
that, for any v € Zio with [v| > 1,
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v q
1
o (a)(s;a)) - ;(—1)"n!(w(s; )~ Z V!Hck,-é,- @b (s: )b,

plv,n) i=l

with Cy,¢, = W and ¢ = (vo + 1)(vi + 1) — 1, and where the second summation is
multidimensional and subject to the coupling conditions Z;’:l ki =n and Z?zl Liki =v. On
account of this and the inequality in (a) there exists C’ > 0 such that I—[l.q:1 184 w(s; )|k <
C/s”w‘Jr"’O|1ns|”+‘”| foralla € I and s € (0, 1/¢). Consequently, taking s = max(l,s™%) =
max(1l, 1 + aw(s; «)) also into account, we can assert that there exist suitable positive constants
C” and C such that if s € (0, 1/¢) and « € I then

v .
o (—L )| < crg—em ) max(l, 1+ awls; ) o cntivl ¢ ogme=vo,
w(s; o) w(s; o)+l

n=1

where in the second inequality we also use that, by applying (a), lim,_, o+ = o~ uniformly

1
w(s;a)

on a € R. Observe that, by the same reason, limg_, o+ = 0 uniformly for o € I, which

SS
o(s;00)
implies that the above inequality holds for |v| = 0 as well. This proves that the function
belongs to 72 (R) for any & > 0.

With regard to the assertion in (c) recall that the case £ = 0 is already proved. Here, for the
sake of shortness in the exposition, we shall use the Heaviside step function H (£), which is
defined by H(¢) =0if £ <0 and H(¢) = 1if £ > 0. By applying (b) together with Lemma A.3,

and distinguishing the cases ¢ < 0 and £ > 0, it can be easily checked that

1
w(s;a)

o' (s;0) € FXy (fe € R; HO < £}) € FXy({(ar. B) €R* H(O)at < 8, 8> L}).
Similarly, but applying (c) with £ =0, we get
sP e FR(1B > LY) c F°({(er, B) e RE: H(Da < &, B> LY).
Consequently, by (g) in Lemma A.3,
sPo(s:a) € Fi2 . (((@. B) e R* H(O)a <6, > L}) forall L e R and & > 0.

Hence sPo(s; &) € F2°({(er, B) e R%:; H(®)w <&, B > L+ [€|e}) forall L € R and & > 0. Thus,
by (a) in Lemma A3, the function (s, , 8) — sPw’(s; a) belongs to

()72 ({(e. p) eR: H(O)a <&, B> L+ |E]e})

>0

=F;° (U {(oc,ﬂ) eRZHWa <e,p >L+|E|s}>

e>0

=F({(@, ) eR*: B> L+LTa™)),
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where once again the second equality follows by distinguishing the cases £ > 0 and £ < 0. This
proves assertion (c) for £ # 0. Finally assertion (d) follows by applying (c) in the present result
and, in this order, (c), (b), (g) and (e) in Lemma A.3. This concludes the proof of the result. W

Next we introduce the set of functions Zx (W) that we previously used in [8,9,11,12] to de-
scribe the properties of the remainder 7;, of the Dulac time. In this respect let us quote that
Mourtada uses essentially the same definition in his study of the cyclicity of the hyperbolic poly-
cycles (see for instance [13]). This set of functions is not used in the present paper and our aim
is only to relate it with the set F Ilg (W) for completeness and reader’s convenience.

Definition A.5. Consider K € Zxo U {+00} and an open subset U of RN Let 2 := 59 be the

Euler operator and consider some 1 € U. We say that ¢ (s; i) € %ffio(U ) belongs to the class

Ik () if foreach k =0, 1, ..., K there exists a neighbourhood V of f such that
11%1+ Dy (s; ) = 0 uniformly on p € V.
Naed

If W is a (not necessarily open) subset of U then we define Zg (W) = mﬁ,eWIK (n. O

The following result shows that the remainder 2 in Theorem A and 77 in Theorem B can
be written in terms of the class Z; (W), which is more suitable in order to perform the derivation-
division algorithm.

Lemma A.6. Let U be an open set of RN, W C U, L € R, K € Z>( U {+00} and & > 0. Then

the inclusion ff+£(W) C sLZx (W) holds.

Proof. Clearly it suffices to show that ]-"fﬂ(/l) c sLZg (1) for any /i € W because then, by
definition,

FEeWy = () FE.( c () s"Zx (@) C 5™ [ Tx (@) = s“ T (W).
new new new

So fix fi € W and let us show that ]-'LKH () € sLZg (). To this end we note that one can easily
verify by induction that for all k € Z>¢ there exist njx € Z>o, i =0, 1, ..., k, such that the
identity

k
Pre(siw) = nins'dig(s: )
i=0

holds for any &*-function g. On the other hand, if ¥ € F 5 e (1) then foreachi =0,1,..., K
there exist a neighbourhood V; of /i and C;,s; > 0 such that 31y (s; w)| < CisE~7 for
all s € (0,s;) and u € V;. Thus, setting Vi = ﬂf.‘:OVi, Sk :=min(s;;i =0,...,k) and é‘k =
Zf:o 1k C;, by applying the above identity we get thatif k=0, 1, ..., K then
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k k
|25 (s 101 < mirs' 1034 (55 )] < (Z n,-kci) she
i=0

i=0

= Cyste forall s € (0, §¢) and p € Vg.
Taking this into account, since

i i

7' (sTHpeiw) =Y (,i) ZaCuVATCINEDY <;>(—L)”<sL@"w<s; ),

k=0 k=0

we can assert that
L/
‘9’ <S_L1/f(s; u))( <3 (k>|L|’_kas8 — C;s° forall s € (0,5) and w € V;,
k=0

where V; := N _ Vi, §; :=min(; k =0,...,i) and C; := Yo (,i)|L|"’kCA‘k. It is clear that
the above upper bound implies that lim_, o+ 2’ (s“L4/(s; w)) = 0 uniformly on n € V; for
i=0,1,..., K, which implies s ~L1/(s; ) € Zx (), as desired. This proves the validity of the
result. H

Corollary A.7. Foreach £ € Z, (s, a, B) — sPw(s; a) belongs to s* T, ({(a, B)eR%: B>L+
ttaty) forall L € R.

Proof. The result follows by noting that

sPwl(s;a) € ﬂ ]-'Zis({(oz, B)eR* B>L+e¢ +£+a+})

e>0

C[)s" Tl By eR%: B> Lte + €T a™))

e>0

=57 (U {(a,ﬂ) eR%: B >L+8+£+a+})

e>0

=s"To({(a, ) eR%: B> L+ €T at}),
where we apply firstly Lemma A.4 and secondly Lemma A.6. W
Appendix B. Differentiation formulas and integration of series

In this section, for reader’s convenience, we state some specific results from analysis and
calculus that we use all along. To begin with, since we use several times the multivariate
Faa di Bruno formula to calculate the derivative of a composition of functions, we provide
its explicit expression according to [3, Theorem 2.1]. To this end some notation is needed. If
v=>"w1,...,Vq) GZZO and X = (x1, ..., xg) € R? then we define
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d d
Y
v V,
|v|=2w, v!:l_[(vi!), 8":3“1.. X and x” —l_[x‘.
i=1 i=1 *1

Moreover, if £ = (£1,...,£44) € Zio, we write £ < v provided ¢; <v; fori =1,...,d. Let
fO1,...,ym) and g(l)(xl, R ) NN g(’”)(xl, ..., Xxq) be real-valued functions and set

h(xl,...,xd)=f(g(l)(x1,...,xd),...,g(m)(xl,...,xd)).

Theorem B.1 (Multivariate Faa di Bruno formula). Let v = (v1,...,vg4) € Z‘io with |v| > 0

and x° € R? be given. Suppose that all the partial derivatives a,f with€<vofg',...,g" exist
and are continuous in a neighbourhood of x°. Assume moreover that all the partial deriva-
tives 8)‘f(y) with A € Z7 2o and |X| < |v|, exist and are continuous in a neighbourhood of

(g (XO), g (XO)) R™. Then 8y h(X) exits in a neighbourhood of X and it is given by

= Y ARX) Y (@ ‘)H ligf;((;)v))ll;\’

IRl pvy) =l
where
q q
p(v,A) = {(kl,...,kq;ll,...,lq): D ki=Aand Y |kilti=v¢. (37)
In the statement £1,...,¢, € Zdo is a complete listing of all vectors £ < v with [£] > 0,

ki,....ky eZ’”Oandq_—l—i—l—[l 1(vi +1). We also set hy (x) = 0y h(X), f;‘(y)—a"f(y) and

ge(x) = (ge 00, 8" (9) where g () = 38 ().
We will also appeal to the following Leibniz formula for the partial derivatives of a product
of functions (see for instance [2, Theorem C, p. 132]).

Theorem B.2. If f1, ..., fr € € (U) for some open subset U of R? and v € Zio then

1 EE N )y

L+..+L=v

where {1, ¢ eZlyand (, " e) =T l'_nil,' z,,'
Remark B.3. The generalized multinomial coefficients ( ) satisfy
d (r \" 4 bl
vl _ — !
S o [ ST I y [ o
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d
_ Vi! _ v
- Z l_[g”y...g”.v_ Z <£1,...,£r>

L+ =vi=1 T4t =y

thanks to the multinomial identity (see [2, Theorem B, p. 28])

m n !
. — M
E x| = E X x,m,
m!

...
— al---a
where the summation takes place over all (a, ..., ay) € Z’;’O suchthata; +...+a, =n. O
The following result is also well-known (see [17, Theorem 7.17] for instance).

Lemma B.4. Suppose that { f,,} is a sequence of functions, differentiable on [a, b] and such that
{fu(x0)} converges for some point xg € [a, b]. If {f,)} converges uniformly on [a, b, then { fn}
converges uniformly on [a, b] to a function f such that

fx)= nll)rrolo fn(x) forall x € [a, b].

Lemma B.5. Let E be a measurable set of R and consider a sequence of measurable functions

{fulnen. IJ‘Z,,>1 fE | fu(xX)ldx < 400 then fE Zn>1 Sa(x)dx = Zn>1 fE Jn(x)dx.

Proof. The problem is to show that

k

lim / Vi (x)dx = / lim 4 (x)dx, where ¥ (x) := Y _ fy(x) for each k € N,

k——+00 k— 00 1
E E n=

and this follows by the Lebesgue’s dominated convergence theorem (see [17, Theorem 11.32])
because

k +00
WG <D 1< Y [ faln)] =: W) forall k € N

n=1 n=1

and, on the other hand, |’ £ Y(x)dx < +o00 by hypothesis. In this regard let us remark that, due

to | f,| = 0 for all n € N, the equality Zn>1 fE | fn(x)|dx = fE Zn>1 | fn(x)|dx holds (see [17,
Theorem 11.30]). W
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