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normal form procedure. The conditions are computable and satisfied by generic singulari-
ties and generic unfoldings.

The existence of Shilnikov bifurcations in the C" case was already argued by Gucken-
heimer in the 80’s. About the same time, endowing the space of C* unfoldings with a
convenient topology, persistence and density of the Shilnikov phenomenon was proved by
Broer and Vegter in 1984. However, since the proof involves the use of flat perturbations,
this approach is not valid in the analytic context. What is more, none of the mentioned
approaches provides a computable criteria to decide whether a given unfolding exhibits
Shilnikov bifurcations or not.

Many people appeals to the appearance of Hopf-Zero singularities to explain the emer-
gence of chaos in a huge number of applications. However, no one can refer to a specific
theorem establishing the conditions that a given unfolding should satisfy to ensure that
chaotic dynamics are exhibited. We fill this gap by providing an ultimate result about the
appearance of Shilnikov bifurcations in analytic unfoldings of a certain class of Hopf-Zero
singularities. These conditions are computable and satisfied by generic families. One of
these conditions depends on the full jet of the singularity and comes from a beyond all
order phenomenon. It can be related with Stokes constants. The other conditions only de-
pend on the 2-jet of the family.

© 2020 Elsevier B.V. All rights reserved.

1. Introduction

Results guaranteeing the existence of chaotic dynamics are hardly available in the literature. Although there is a plenty
of examples based on numerical evidences, analytical proofs are rare. It is only recently that simple criteria are available for
certain sets of dynamical systems as, for instance, unfoldings of singularities of vector fields; the general framework of this
paper.

The route through dynamical complexity starts with Poincaré. In his seminal essay [33], he discovered that homoclinic
intersections between the invariant manifolds of a hyperbolic fixed point were sources of very complicated behaviours.
Later [7], Birkhoff showed that, for planar diffeomorphisms, near a transverse homoclinic intersection there exists an ex-
tremely intricate set of periodic orbits. By the mid 60’s, Smale [38] conceived his celebrated horseshoe to explain, via
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conjugations to Bernoulli shifts, the Birkhoff result and also additional features of the complicated dynamics arising near
a homoclinic intersection. Mora and Viana [31] proved the appearance of strange attractors when tangent homoclinic inter-
sections were unfolded in families of planar diffeomorphisms. These attractors are like those in [6] for the Hénon family,
that is, they are non hyperbolic and persistent in the sense of measure.

On the other hand, Shilnikov [36] proved the counterpart of the Birkhoff results in the context of smooth vector fields
on R3. Namely, he proved the existence of a countable set of periodic orbits in every neighbourhood of a homoclinic orbit
to a hyperbolic equilibrium point with eigenvalues A and —p + wi, with 0 <o <A. Because of the resemblance with the
analogous statement for transverse homoclinic points in diffeomorphisms, one would expect to find the Smale horseshoes
playing a key role. And so it was that Tresser [40] showed that in every neighbourhood of a Shilnikov homoclinic orbit, an
infinite number of linked horseshoes can be defined in such a way that the dynamics is conjugated to a subshift of finite
type on an infinite number of symbols. Moreover, when the homoclinic connection is generically unfolded, disappearance of
horseshoes is accompanied by unfoldings of homoclinic tangencies to periodic orbits, leading to persistent non hyperbolic
strange attractors like those in [31]. In [25,34,35], it was proven that infinitely many of these attractors can coexist for non
generic families of vector fields. For an extensive study of the phenomena accompanying homoclinic bifurcations see [8,32].
Shilnikov homoclinic orbits are the simplest global configurations which, as just argued, can explain the existence of chaotic
dynamics in families of vector fields, but, unfortunately, their existence is again not easy to prove in a given system.

Finally, in this searching of friendly criteria, we come into the world of singularities. They are, needless to say, man-
ageable objects, much more manageable than global structures such as homoclinic intersections. It has been proven that
Shilnikov saddle-focus homoclinic orbits appear in generic smooth unfoldings of certain singularities. Indeed, in [26] it was
proven that these configurations were unfolded in generic unfoldings of three-dimensional nilpotent singularities of codi-
mension four. Degeneracy was reduced in [27], where Shilnikov homoclinic bifurcations were proven to exist in any generic
unfolding of a three-dimensional nilpotent singularity of codimension three. Therefore, suspended Hénon like strange attrac-
tors, appear in generic unfoldings of such singularities. See [5] for additional technical details and [18,19] for complementary
results regarding the rich unfolding of the three-dimensional nilpotent singularity. In higher dimensions there also exists sin-
gularities of low codimension which can play the role of organizing centers of chaotic dynamics. For instance, [16] provides
numerical evidences of the existence of strange attractors in the unfolding of the codimension-three Hopf-Bogdanov-Takens
bifurcation. This bifurcation has also been studied in the context of Hamiltonian systems (see [28]).

One of the main motivations for obtaining simple criteria for the existence of strange attractors in given families of
vector fields is their applicability. Results in [27] have been successfully used to prove the existence of chaotic dynamics in
a model of coupled oscillators [17], in a general class of delay differential equations [13] and also in a three-dimensional
predator-prey model [15].

Once it has been proven that chaos is unfolded by low codimension singularities, a natural question arises: which is
the lowest codimension level where there exist singularities unfolding strange attractors or, in other words, what is the
simplest local bifurcation displaying strange attractors. Obviously, one is not such lowest codimension because the only
codimension one bifurcations are the saddle-node bifurcation of equilibrium points and the Hopf bifurcation, none of them
including chaos. So, if strange attractors are unfolded from codimension three singularities, the question is: do there exist
codimension-two local bifurcations unfolding generically strange attractors?

In this paper we consider Hopf-Zero (HZ in the sequel) singularities, that is, three-dimensional vector fields X* such that
X*(0,0,0) = 0 and DX*(0, 0, 0) has eigenvalues +ia* and 0, with a* > 0. In fact, without loss of generality, we can assume
that:

0 a* 0
DX*(0,0,0)=|—-a* 0 O0]). (1)
0 0 O

Classification of HZ singularities was first done by Takens [39]. Up to an analytic local change of coordinates the 2-jet of
a HZ singularity becomes:

X =y-—axz
Y =-x-ayz (2)
7 =cz2 + b(x* +y?).

At the 1-jet level we need to impose two degeneracy condition which, joined to the open conditions abc#0, define a
stratum of codimension two in the space of germs of singularities of vector fields on R3. Because c0, we can assume that
this coefficient has been normalized by means of an appropriate scaling of coordinates. Takens proved that there are six
topological types, see Fig. 1, but we are only interested in one of them, that type characterized by the conditions

a>0, b>0. (3)

HZ singularities satisfying (3) are denoted by HZ* in the sequel.
Generic unfoldings of HZ singularities of codimension two were first studied by Guckenheimer [23] and Gavrilov [22]. The
reader can find the bifurcation diagrams of suitable truncated normal forms for each of the six topological types in [24,29].



. Baldomd, S. Ibdiiez and TM. Seara/Commun Nonlinear Sci Numer Simulat 84 (2020) 105162 3

b<0,a>0 b<0,ac€(-1,0) b<0,a<-1

b>0,a>0 b>0,a€ (-1,0)

Fig. 1. Different topological types of Hopf-Zero singularities depending on a and b.
Truncating at second order, any generic unfolding is written as:

X =y+vx—axz
V' =—-x+vy—ayz (4)
z’:—u+zz+b(x2+y2)

being u, v the parameters of the unfolding, or, in cylindrical coordinates, as
r=vr—arz
7 = —p+22 4 br? (5)
60 =-1.

The characterization of HZ* singularities by means of their normal form does not allow to detect if a given vector field
belongs to HZ* without performing changes of variables to reduce it to its normal form. For that reason, in Lemma 2.1, we
prove that the intrinsic conditions:

[0272x* . (02 77X* + sznzx*)](O) > 0, [9272X* - (82,mX* + 82,w¥X*)](0) <O, (6)

where (7%, 7Y, w#) denote the (x, ¥, z) components of the vector field X*, define the vector fields X* ¢ HZ* in terms of the
2-jet of X*. Furthermore, we prove that any unfolding X,,,, satisfying the generic condition:

I:(axz,vﬂXX(),o + By,unyX(],o) 8M7TZX0’0 — (83#7'[)()(0,0 + ay,'U,TL'yX()_g) ale'ZXg,o] (0) #0 (7)

has (4) as truncated normal form of order two.
When v = 0, family (5) has a first integral

2 b
Hrz)=ri| -pu+22+ ——r*).
(r.2) ( w+2o+ )
Regarding the case of HZ* singularities, it easily follows from the existence of H that, when u >0, the two-dimensional
invariant manifolds of the equilibrium points p. = (+,/&t, 0, 0) form an invariant globe and, moreover, the branches of the
one-dimensional invariant manifolds contained inside the globe are also coincident (see Fig. 2).
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P+

p—
Fig. 2. Sketch of the invariant globe in the phase portrait of (4) when v = 0. There are two saddle-focus points p, and p_ such that dim(W¥(p,)) =

dim(W*(p-)) =1 and dim(W*(p,)) = dim(W!(p_)) = 2. One of the branches of W!(p,) \ {p;} coincides with one of the branches of W*(p_) \ {p-}.
Moreover W¥(p-) \ {p-} = W*(p:) \ {p+}.

Adding higher order terms, these invariant structures can be destroyed (even if the rotationally symmetry is preserved).
One can guess that the splitting of the invariant manifolds could lead to saddle-focus homoclinic connections. The com-
plexity to decide if such invariant manifolds whether split or not, strongly depends on the regularity of the considered
unfoldings, being the analytic case (the one considered in this paper) the more intricate one.

Simple geometrical arguments were supplied in [23,24] to support the possibility of the existence of Shilnikov homoclinic
bifurcations in ¥ unfoldings of HZ* singularities. For the specific case of families X + €Y, where X is the normal form (4) and
&£>0 is a perturbation parameter, Gaspard [21] proves the occurrence of Shilnikov homoclinic bifurcations near the codi-
mension two point. The tricky point here is that the generic unfoldings of a HZ* singularity can not be written in the form
X + &Y (see also [14]).

The question is considered with a different perspective by Broer and Vegter in [12]. They prove that for any generic
Cc> unfolding of a HZ* singularity there exists a C* flat perturbation providing a family exhibiting Shilnikov homoclinic
bifurcations. Moreover, abundance of unfoldings displaying the Shilnikov scenario is discussed, but using suitable topologies.
Because of the “flat” nature of the techniques, the remarkable results in [12] neither include any usable criterio for the
existence of Shilnikov homoclinic bifurcations in a given unfolding of HZ* singularities nor can be applied to analytic families
unfolding these singularities. Therefore the analytic case remains open since [12]. As it is made clear in that paper, Shilnikov
phenomenon is beyond all orders. The results in [12] were extended to time reversible unfoldings in [30]. In this paper
we end with the whole discussion by showing that under generic hypotheses, any analytic unfolding of a HZ* singularity
contains Shilnikov homoclinic orbits.

General unfoldings of the HZ* singularity were considered in [20]. As argued there, introducing a scaling parameter
¢ = /It and scaling variables and time, one obtains either a singular perturbation problem with a pure rotation when ¢ =0
or a family with rotation speed tending to co as € — 0. In any of the two approaches there is no clear limit for the invariant
manifolds of the two equilibrium points corresponding to the poles of the invariant globe already discussed for (5). Nev-
ertheless, one can apply the results in [9,10] to prove that, when the scaling parameter tends to 0, the invariant manifolds
have a limit position, given by the invariant manifolds of the equilibrium points at the 2-jet level, at least when one con-
siders restrictions to z>0 or z <0. Therefore, for any generic unfolding of the HZ* singularity, splitting distance functions
are well defined for both the one-dimensional and the two-dimensional invariant manifolds. Using conjectured formulas for
the splitting functions and some extra conditions, existence of Shilnikov homoclinic bifurcation points is proven for general
unfoldings.

On the other hand, in [1-3] explicit formulas for the splitting functions are obtained. The splitting function for the one-
dimensional invariant manifolds was achieved in [1]. It follows that the distance between the one-dimensional invariant
manifolds is exponentially small with respect to €. Moreover the coefficient in front of the dominant term depends on
the full jet of the singularity. The splitting function for the two-dimensional invariant manifolds was derived in [2,3]. The
mean free terms in the asymptotic formula are exponentially small with respect to & and, again, constants involved in the
expression for those terms, which now depend on an angular variable, depend on the full jet of the singularity. Because
constants involved in the dominant terms depend on the full jet of the singularity, their computation can only be done
by means of numerical techniques (see [20] for several examples). In any case, such constants are the essential pieces to
establish general criteria for the existence of Shilnikov homoclinic orbits. Namely, depending on the accuracy of the result
one deals with, one needs to assume that either one or two of these constants do not vanish.

The point is that, putting together [1-3,20] as well as additional results, we are able to provide general results for the
existence of Shilnikov homoclinic bifurcations in generic analytic unfoldings of the HZ* singularity.
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Fig. 3. Wedge-shaped domains W, c W; and the curve I'g. W, corresponds to the union of dark and light grey regions. The discontinuous lines in W, are
two curves I',.

At this point it should be noticed that HZ singularities can be considered in two different contexts. At the 1-jet level any
HZ singularity has divergence zero (note that the trace of (1) is zero). If one restricts to the set of volume-preserving systems,
HZ singularities are of codimension one, that is, they occur generically in one parameter families of volume preserving
vector fields. In such a case we should consider v =0 in (2) and (5) and refer to unfoldings X,,. We will require in this case,
replacing (7) the generic condition:

0,7°X(0,0,0) # 0. (8)

In the general context, as already explained, HZ singularities have codimension two, that is, they arise generically in two
parameter families X, of vector fields. Note that according to [11], when working with families of vector fields with diver-
gence zero, the change of coordinates to reduce to normal form may be chosen volume preserving.

Now we are able to provide a qualitative version of our main results. Later, after introducing some technical details in
Section 2, we will give a more formal statement. We separate the results in the general case, Theorem 1.1 and the volume
preserving setting, Theorem 1.2.

Theorem 1.1 (General case). Let X* be a HZ singularity satisfying the open conditions in (6), the additional open condition
|(02,°X* + 87, YX") (0)| < 2|827°X*(0)|. (9)

and some generic conditions (that will be given explicitly in Theorem 2.7). Assume that X, , is any analytic unfolding satisfying
the generic condition (7).

Then, in the (u, v) plane, there exists an analytic curve Tg = {(u,v) : v =vo(w)}, with vy(0) = 0, and domains W, C W
contained in a wedge-shaped neighbourhood of I'g of a width that is exponentially small in /it (see Fig. 3) such that:

1. There exists an immersed curve A C Wy (maybe with more than one component) such that the vector field X, has a
Shilnikov homoclinic orbit, for (i, v)e A.

2. For (j,v) e Wy, the vector field X, has, at least, two heteroclinic orbits, formed by the intersection between the two-
dimensional invariant manifolds of the equilibrium points.

3. There exists an open neighbourhood of the origin 7 c R3 such that W, = Upeg U'p. where forany p e 7, T')p = {(u,v) :
v =1v,(wn)} is a curve exponentially close to T'y. In addition, for any p € J each curve I, possesses a sequence (fin,
Vp(in))— 0 as n— oo such that each vector field Xitn.vp (in) has a Shilnikov homoclinic orbit.

Theorem 1.2 (Volume preserving). Let X* be a HZ singularity satisfying the open conditions in (6) and some generic conditions
(that will be given explicitly in Theorem 2.6).

In the volume preserving case, any divergence free generic unfolding X, satisfying the generic condition (8) has the following
properties:

1. For p small enough, the vector field X,, has, at least, two heteroclinic orbits, formed by the intersection between the two-
dimensional invariant manifolds of the equilibrium points.

2. There exists a sequence of parameter values {{n} with , — 0 as n— oo such that the vector fields X,,, have a Shilnikov
homoclinic orbit.

Remark 1.3. The generic conditions on the singularity X* in Theorems 1.1 and 1.2 depend on the full jet of the singularity.
In fact they involve that some Stokes constants have to be different from zero.

Remark 1.4. The additional open condition (9) is not necessary to prove the existence of homoclinic orbits to saddle-focus
equilibrium points, but it appears in the main Theorem 1.1 to get the expansivity condition which is required to have
Shilnikov homoclinic orbits. Namely, denoting the eigenvalues at the saddle-focus as —o + wi and A, with ¢>0 and A >0,
the expansivity condition is A > o (see [36,37]). If (9) holds, the eigenvalues at p. satisfy such condition for v and p small
enough. At p_ the expansivity condition is satisfied for the backward flow.
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Remark 1.5. It should be noticed that the occurrence of chaotic dynamics is also expectable in the unfolding of certain
codimension-two Hopf-Hopf singularities, that is, singularities with two pairs of pure imaginary eigenvalues without reso-
nances. The classification was obtained in [39] and, together with the study of truncated unfoldings, it can be found in [24].
Similarly to the case of the Hopf-Zero singularities, the truncation of the normal form leads to planar reductions exhibiting,
under appropriate assumptions, heteroclinic cycles involving equilibrium points and, bearing in mind the four-dimensional
system, periodic orbits. The treatment required to get results of existence of homoclinic orbits is likely to be not far from
the techniques described and used in this paper, where we deal with the Hopf-Zero case.

In Section 2, to understand the role of all the open conditions stated in Theorems 1.1 and 1.2, we explain the derivation
of the normal form of the unfoldings of a HZ singularity up to second order. Using such normal form, after appropriate
scalings, we will write our unfoldings in the form to be used in the rest of the paper. We will discuss the existence of
equilibrium points, their invariant manifolds and their possible intersections. At the end of Section 2 we will give a more
quantitative version of our main theorems also split into two results, Theorem 2.6 in the general case and Theorem 2.7 in
the volume preserving case. Proofs are given in Section 3.

2. Preliminaries and a more quantitative result

This section is mainly devoted to recall some previous results about the dynamics of the unfoldings X,,, as well as to
write a more quantitative version of Theorems 1.1 and 1.2. In addition, we also prove Lemma 2.1 which gives the correspon-
dence between the intrinsic conditions on X* and X, , stated in Theorems 1.1 and 1.2 and the truncated normal form (4).

In the sequel, we will deal with both cases (the volume preserving and the general case) at the same time because the
volume preserving case is contained in the general one by putting v = 0 and assuming that tr DX, ¢(0,0,0) = 0.

2.1. Normal form and previous results

Even if the proof of the result below (Lemma 2.1) is elementary following the procedure indicated for instance
in [23,24,39], we will include it in Appendix A, in order to follow the relation between the original vector field and the
corresponding normal form.

Lemma 2.1. Let X* be a HZ singularity satisfying the open condition (6). Assume the generic condition (7) on the unfolding X,,
in the general case and (8) in the volume preserving case.
Then there exists a real analytic change of variables and parameters such that the unfolding X, is given by

X=y+vx—axz+ f(x,y,z,v, L)
Yy =—x+vy—ayz+g(x,y.z,v, L) (10)
Z=—pu+22+bX+y*)+hx,y.z,v, )

where a, b> 0, the functions f, g, h are real analytic and O(||(x,y,z, v, w)||?). In addition, if X* also satisfies (9), then 0 <a < 2.
We also introduce the new parameters &, o as:
(1, v) = (6%, 80), >0
and the blow up
X=¢8X, y=¢y, Z=E¢EZ

Then, System (10) becomes (dropping bars of the notation):

% =ex(ox—az)+y+¢e 1 f(ex, ey, ez, €2, €0)

dy _ 1 2

pr —X+ey(o —az) + &7 g(ex, €y,€z,€°,€0)

% = —g 4822 +eb(xX* +y*) + e 1h(ex, ey, ez, 8%, €0). (11)

Scaling time, s = et we obtain the vector field below, that we will call, abusing notation, X;, in the general case and X; in
the volume preserving case (o = 0):

dx _ x(o —az)+ 2 + £72f(ex, €y, £z, 8%, €0)

ds £

% = —g +y(0 —az) + e7%g(ex, €y, £z, €2, 60)

% = —1+22+b(x*+y?) + & 2h(ex, ey, €z, 2, £0). (12)

From now on we will work with the generic unfoldings already in the form (12).
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Fig. 4. On the left, the splitting of the one dimensional heteroclinic connection W'. On the right, the corresponding breakdown of the two dimensional
heteroclinic connection.

Remark 2.2. Families (11) and (12) were also used in [1-3,20]. Note that for family (11), the limit when & — 0 is merely
a rotation around the vertical axis. On the contrary, in the case of (12) there is no regular limit when ¢ — 0 because the
rotation speed tends to oo.

We will state and prove the quantitative version of Theorems 1.1 and 1.2 in terms of System (12). For that reason, the
first result we use is the following lemma, whose proof can be found in [4], which assures the existence of saddle-focus
equilibrium points:

Lemma 2.3. Consider System (12) with b> 0, a> 0 and |o| <a. There exists €9 > 0 such that, for 0 < ¢ < &g, the vector field has
two equilibrium points py (depending on &) of saddle-focus type such that py (p—) has a one-dimensional unstable (stable)
manifold and a two-dimensional stable (unstable) one.

Observe that, when f=g=h =0 in (12), the points p. are (0, 0, +1) and they are connected by the heteroclinic orbit:

Wi={x=y=0, |z] <1} (13)

which consists on a branch of the 1-dimensional unstable manifold of p, = (0,0, 1) that coincides with a branch of the
1-dimensional stable manifold of p_ = (0,0, —-1).

However, one expects that for generic f, g, h, the one dimensional heteroclinic connection (13) breaks. Next theorem,
which corresponds to Theorem 1 in [1] just adapting the notation, gives the distance S!(o, &) between the 1-dimensional
invariant manifolds of p, and p_ of System (12), which is different from zero under generic conditions on the singularity
X*, see Fig. 4.

Theorem 2.4 [See [1]]. Consider System (12) with a, b>0 and |o| <a. Then there exist €9 >0 and a real constant C*, such
that, for 0 <& <e, the distance S'(&, o) between the one-dimensional stable manifold of p_ and the one-dimensional unstable
manifold of p, when they meet the plane z = 0 is given by

Sl(e,0) = g1+l Fe= 2" (c*+0(|loge|™))

with cg = lim,_, 0z 3h(0,0, 2,0, 0).
The constant C* depends on the full jet of the singularity X* and is different from zero for generic singularities.

The study of the 2-dimensional invariant manifolds of the equilibrium points p. of System (12) is more involved,
see [2,3] for a detailed study of the relative position of these manifolds. We give some details below.
When f=g=h=0 and o = 0 one can see that the 2-dimensional manifolds coincide forming an ellipsoid given by:

22+

b 2,42

a+1(x +y°) =1, (14)
but in the general case (o #0) it is possible that the 2-dimensional unstable manifold of p_ and the 2-dimensional stable
manifold of p, do not intersect. Indeed, when the parameter o is not of order ¢, the position of the 2-dimensional manifolds
is already known; they do not intersect and the distance between them is of order o. This fact is easily obtained by doing
another step of the normal form procedure to System (12) and studying the position of these manifolds in the normal form
of order three. Moreover, in this case, the existence of Shilnikov homoclinic bifurcations is not possible. Indeed, when the
2-dimensional invariant manifolds do not intersect, there exist either forward or backward trapping regions which prevent
the existence of homoclinic connections (see details in [20]).
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For this reason, from now on, we restrict our parameters and we will take o = O(¢g). The result that we will use in our
case is already done in [3] (and also in [2]). In that work, symplectic polar coordinates were considered:

X=+2rcosf, y=~+/2rsinb,
and it was proven that the 2-dimensional invariant manifolds of p.+ can be parameterized by 6 and z = tanh(au) as
a+1
2b cosh? (au)

In particular, the intersections of the two dimensional invariant manifolds of p. with the plane z = 0 are two closed curves
C"$ that can be parameterized as:

CUS = {(x,¥,0), x=1+/2r15(0,0)cosd, y =/2rvs(0,0)sind, 6 e T}. (15)
Let us call
$2,8,0) =1(0,0) —r°(0,6), (16)

the radial symplectic distance between the manifolds when they meet the plane z = 0, see Fig. 4. From Theorem 2.16 of Bal-
doma et al. [3] one has:

r=r"$u,0) = + 1%, 0), W, 0)=0(), uel[-TT]

Theorem 2.5 [See [3]]. Consider the radial symplectic distance S2(8,¢,0) defined in (16). There exist £3>0, 0¢>0 and a
complex constant Cj +iC;, such that for |o| <o oe and 0 <& <&, one has

20.e.0) =T +0()) + e 2 e [Cicos(@ —a'Lologe) +C5sin(0 —a'Lologe) + O(|loge| )]
where Ly is a constant depending on the terms of degree three of the singularity X* (see Remark 5.17 in [2] for details) and
YOl = YOl(g o) =0l+ ]+ Os(¢,0)
with 1#0 and ] computable constants (for details, see formulas (90) and (91) in [2]).

In addition, there exists a curve

Iy=1{(¢,0),0 =0i(¢) = Jis +0(e?)}

such that for all 0 <& <é&( one has:
YO = 10l(g, o5 () = 0.

Moreover, given any constants cq, ¢; and c3 > 0, there exists a curve
Iy ={(e,0), 0 =0,(¢) =07(¢) + 0(852e*%)}

with p = (cq, ¢z, ¢3), such that for all 0 <& < gy one has:
YO = YO (e, 57 (e)) = ce%e .

In the volume preserving case Y0 = 0.
In addition, the constant Ci +iC; # O for generic singularities X* and depends on the full jet of X*.

2.2. More quantitative results

We emphasize that, since the unfoldings are analytic, the distance between the invariant manifolds is exponentially small
for adequate values of the parameters. This fact is intrinsic to the analytic case and lies in the field of singular perturbation
theory. Conversely, when we are in the finitely many differentiable case, the classical perturbation theory can be applied to
compute the distances S' and $2. They both will be, generically, O(g¥) for some k> 0, for values of o in an adequate curve.

Using the notation we have already introduced, we can write a the announced quantitative version of Theorem 1.1 for
the general case:

Theorem 2.6 [General case]. Consider System (12) and assume the open conditions 0 <a <2 and b > 0 and the generic condition
C* # 0, where C* is given in Theorem 2.4, on the initial singularity X*.

o In the (g, o) plane, with ¢ small enough, there exists an immerse curve A*, which lies in a wedge-shaped neighbourhood
W of the curve Ty given in Theorem 2.5 of a width that is at most chsfzf%e*ﬁ, with either ¢; = ,/(C$)% + (C3)? if
C+1iC5 #0 or ¢; >0 if C +iC5 = 0, such that for (&, o) e A*, any analytic unfolding X, - has a Shilnikov homoclinic orbit
to the equilibrium point p.

« Assume moreover the generic condition on the singularity X*: C; # 0 or C; # 0. Let 0 <k <1 be any constant. Take any curve
I}, p = (c1.ca, ¢3) as given in Theorem 2.5 with

2
lcil <k /(€2 +(C)?2  =-2- 7 ;3>1

and & small enough. Let W3 = U I'}. Then
o)
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1. For any (¢,0) e W; there are, at least, two heteroclinic orbits from p_ to p,.
2. For any curve T, c W3, there exists a sequence of parameter values {&n}, with &n— 0 as n— oo and (en, 0} (en)) € Wi,
such that the vector field Xema; (en) has a Shilnikov homoclinic orbit to the equilibrium point p..

The precise results in the volume preserving case are collected in the following result:

Theorem 2.7 [Volume preserving case]. Consider System (12) and assume that it is volume preserving. In particular, a =1 and
v = 0. Assume moreover the open condition b >0 and the generic conditions C* # 0, (C;‘)2 + (C’;)2 # 0 on the initial singularity
X*.
1. Then, for ¢ small enough there are, at least, two heteroclinic orbits from p_ to p..
2. There exists a sequence of parameter values {,}, with ¢, >0 and €, — 0 as n— oo such that the vector field X;, has a
Shilnikov homoclinic orbit to the equilibrium point p..

Observe that Theorems 1.1 and 1.2 are just a corollary of Theorems 2.6 and 2.7 undoing the changes of variables from
System (12) to System (10).

Remark 2.8. Recall that 0 <a <2 is equivalent to (9). As we pointed out in Remark 1.4, to prove the existence of homoclinic
orbits to saddle-focus equilibrium points we only need to assume a> 0. However, the condition 0 <a <2 is necessary to
guarantee that such homoclinic orbits are of Shilnikov type.

3. Proof of Theorems 2.6 and 2.7

The proof of these two theorems will have some common setting: to prove the existence of homoclinic orbits to the
north point p, we need to control its global 1-dimensional unstable manifold WY(p,) and more concretely its intersections
with the plane {z = 0}.

Theorem 2.4 gives us information about the “first” intersection of W!(p,.) with the plane {z =0} and the distance S'(s,
o), between W'(p, ) and the 1-dimensional stable manifold of the south point p_; WS(p_) (see Fig. 4). Using the precise
results in Theorems 2.4 and 2.5 we will prove that W"(p, ) intersects again the plane z =0 in a point Qy which is “close
enough” to the 2-dimensional manifold WY (p_). The goal is to get a sharp bound for the distance between Qg and the curve
CY =WH(p_) n{z =0} (see Fig. 5).

We rewrite the curve C*$ (in (15)) in polar (non symplectic) coordinates as:

C" ={(x,y,0), x=7"5(0,¢e,0)cos0,y =7"5(0,¢e,0)sinf, 6 € T}. (17)

Here we have written the dependence on the parameters ¢, 0 and we will do this whenever it is convenient.
More explicitly, we will prove the following key result:

Proposition 3.1. Consider System (12). Then, the unstable invariant manifold, W"(p..), crosses the plane z = 0 at least twice.

Let us call qy and Qy the first and the second intersection points, ¢(t; q) the flow and t© > 0 such that Qy = ¢(t; qo). Consider
the C* function 9(t) giving the argument of ¢(t; qq). We denote by 6y(¢,0) = 9 (t) and by ro(e, o) the radius of Q. Then we
have:

1. The radial distance between Qg and the unstable curve CY given in (17) is bounded from above by

0 <roe,0) —P(Bp(e,0),6,0) <Cre2ie i,

for some constant C; > 0.

Fig. 5. The points qo and Qp correspond to the first and second intersections of W"(p,) with z=0. The curve C" is given by the first intersection of
WU(p_) with z= 0. We need to get appropriate bounds for the angle 6y = ¥ (t) and for the distance between Qy and C". On the left the three dimensional
figure, on the right the plane {z = 0}.
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Fig. 6. On the left, the parameters (¢,0) € I'* and C" is outside of C°. On the right, the parameters belongs to I'* and C" is inside of C°. In both cases
there are no intersections.

2. There exists a constant d > 0 such that 6y(e,0) > 8%.

The arguments to check the existence of Qg and to get the estimation of the distance complete the results in [20], where
the required quantitative estimates were not proven. The proof of Proposition 3.1 is deferred to Section 3.2.

3.1. Proof of the existence of heteroclinic and homoclinic connections

In order to prove that System (12) undergoes a Shilnikov bifurcation (first item in Theorem 2.6) we are going to use a
classical argument, similar to the one used in [20] (see also [12]) to obtain the curve A*. But since we are in the analytic
context, we have to use the accurate information we have proven about the splitting between the stable and unstable
manifolds of p+ and about the distance between Qg and the unstable manifold of p_.

Denote by I'} the curves I'}, given in Theorem 2.5, with px = (&¢1, ¢z, ¢3) corresponding to the constants: ¢ = -2 — %
c3=1and ¢; =2,/(C:)? + (C3)? when Cj +iC3 # 0 and ¢; >0 if ¢ +iC5 = 0.

When the parameters are in these curves, by Theorem 2.5, the two dimensional stable and unstable manifolds do not
intersect. Moreover, we know that when (g,0) € I't the curve C" is outside C° and the contrary in I'*, and the distance

between these curves is of order O(qs*z*%e‘z%). see Fig. 6.
We introduce the radial distance between the 2-dimensional invariant manifolds denoted by S%(8, €, o(¢)). It is related
with the symplectic radial distance by (see (15) and (16)):

5%2(9,¢,0(¢e)) =,/%§2(0, £,0(8))(1+0(g)).

Fix 0 <& <&o and consider o € [o;_(£), 07, (¢)]. By Proposition 3.1 the radial distance between Qp and C" is less than the
radial distance S? between C" and CS. Therefore we can ensure that when o = o}_(e) the point Qg is inside €3, and for
o =0 (&) the point Qg is outside C°, therefore, we know that it exists at least one value o = 0°(¢) € [0;_(¢), 05, (¢€)]
where Qg € C° and, consequently, W"(p) c W%(p,) giving rise to a homoclinic orbit to p..

Remark 3.2. The previous argumentation resembles the proof of the existence of Shilnikov homoclinic orbits argued
in [20] based in the notion of trapping region. However, using our results we have a sharp accurate domain on the pa-
rameters where the Shilnikov homoclinic orbits take place.

This reasoning gives the existence of a homoclinic orbit to the point p, and therefore the existence of, at least, one
homoclinic bifurcation for any 0 < ¢ < &q. Then the existence of the curve A* in the parameter plane where System (12) has
Shilnikov bifurcations. Note that

A cWwWi={(e0): o, (e) <o <o, (&)}

With respect to the heteroclinic connections, by Theorem 2.5, there is a heteroclinic connection if and only if the sym-
plectic distance $%(0, ¢, 0) = 0 for some 6. In the general case, let - be the argument of Cj +1iC5, take any constant « € (0,

1) and choose |c;| < k,/(C})?+(C3)?, c; =-2— 2 and c3 = 1. Notice that with this choice of p = (c;.cy.c3), the curve

a
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I, ¢ Wj. Therefore, if (¢,0) € I'j,, we need 6 satisfying
C1
V(€2 +(C5)?
Obviously, this equation has two solutions when ¢ is small enough provided |c;| < «,/(C})? + (C3)? with 0 <« < 1. Analo-

gously we prove the first item in Theorem 2.7.

Now we prove the rest of the items in Theorems 2.6 and 2.7. In the volume preserving case, take o =0. In the general
case, as for the heteroclinic orbits, take any curve ', c W5 defined in Theorem 2.6. Let Qg be the second crossing with
{z = 0} defined in Proposition 3.1. The polar coordinates of Qq are ry(e, o), fg(e, o) being 6y a ¢ function for & >0 small

enough. Then Qg belongs to C€°, and therefore there is a Shilnikov orbit at the curve o = o5 (¢), if and only if the function
defined by

H(e) =r1o(e,0,(e)) = (Bo(e,0,(€)). €, 0,(8)) + 5% (B (€. 0} (€)), £, 0, (€))

is zero for some values of ¢.
Let 05 (e) =0, — aLyloge and 05(e) =0, —m — a~1Lyloge, where, as before, 0« is the argument of Cj +1iC5. We have
that:

cos (0. — 60 +a'Igloge) = — 1 +0@) +0(]loge|™).

S2(05(e), &, o,(8)) =,/ %8*2*%{% (a +/(€H2+ ()2 +0O(] logs|’1)>
S?(05(e).€.0,(2)) =,/ %5*2*%{% <c1 -/ CH2+ ()2 +0( logs|’1)>

and it is clear that

$%(65(e).e.0;(¢)) > 0, S?(65(e).€.0,(¢)) <0. (18)
By the second item of Proposition 3.1, for any n € N, there exists &}, ¢2 — 0 as n— oo satisfying

Oo(e,0,(¢)) =01 (e) + 2mn, Oo(e,0,(e)) = 05(e) + 2mn.
Using (18) and the first item in Proposition 3.1,

H(eh) >0, H(ed) < 0.

Therefore we conclude that there exists &, € e} 62 £, — 0 as n— oo satisfying that #(¢,) = 0 and the proof is complete.
Condition 0 < a <2 ensures that the homoclinic orbit is of Shilnikov type.

Remark 3.3. Our meticulous argumentation is close to the qualitative and geometrical approaches used in [20] and, in some
sense, in [12].

3.2. Proof of Proposition 3.1

As Theorem 2.4 proves that the 1-dimensional unstable manifold of the north pole, W4(p~), intersects z = 0 very close
to the 1-dimensional stable manifold of the south pole WS(p*), the first step is to study the solutions of System (12) near
W5(p-) in z<0. More concretely, we want to see that orbits entering the plane z = 0 near the 1-dimensional stable manifold
W5S(p-), leave the plane again near the 2-dimensional unstable manifold WY (p_). This is done in Section 3.2.1. After that,
in Sections 3.2.2 and 3.2.3 we indeed prove the results in Proposition 3.1.

3.2.1. Transition through z<0

In order to control the behavior of the solutions which enter z<0 near the 1-dimensional stable manifold WS(p_), in
particular WY(p.), we perform an analytic change of coordinates such that the point p_ becomes (0,0, —1) and its stable
manifold WS(p_) becomes the z-axis. As this change does not affect the terms in normal form, we obtain the following
system, that we write keeping the notation (x, y, z):

dx y =

a _x(o—az)+g+8f(x,y,z,8,a),

dy X -

T +y(0 —az) +€g(x,y.z,¢,0),

% =-1+bX*+y*)+2% +ch(x.y.z.¢.0), (19)

where f(x.y.z.£.0).8(x.y.z.¢,0) = O(|(x.y)|) and the function h satisfies h(x.y.z. &.0) = O(||(x.y.z + 1)|)). To finish we
perform a suitable linear change of variables, O(g2) close to the identity, explained with detail in [2, Lemma 4.1], to put h
of the form

h(x,y,z,,0)=(z+Dh(x,y,2,6,0) +ha(x,y,2,€,0),
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with i, (x,y,2,€,0) = O(||x, ¥,z + 1]|?) and h; bounded. In addition, the corresponding f, g keep the same properties.
From the results in [10] and [2, Proposition 4.4], we easily deduce that

b

W”(p)ﬂ{l<0}={a+1

(x2+y2)+22:1+8(1—zz)w(z,Q)}, (20)

where ¥ (z 6) is an analytic periodic function in 6 satisfying that there exists a constant M > 0 such that for z<0, 6 €[0,
2m):

Iy

we.ol=m | =m |30 <em

That is, the 2-dimensional unstable manifold of the point p_ = (0,0, —1) in the domain z<0 is e-close to the ellipsoid (14).
Lemma 3.4. Let D = D be the closed region D c {(x,y,z) € R3 : z < 0} with boundaries:

oD ={z=0}uW"(p_).
Take £(t), £o(t) two solutions of System (19) such that

610, £2(0) € 3Dy 1= (=0} 1 [0 43 = 5 |
Then, there exist T, C> 0 such that {(t), {,(t)eD for all te[0, T] and
[121(6) = &(O1l < 121(0) — & (0)[[e,  te[0.7].

Proof. First we note that dDy c dD N {z = 0}, because the maximum radius in dD is % + O(¢) which is greater than

,/ﬁ the maximum radius in dDg. The fact that 7 >0 is a direct consequence from the fact that, on 9Dy, if & is small

enough, we have that z < —% + O(g) < 0 and therefore the solutions {(t) and ¢,(t) enter in int D.

We consider now A¢ = {; — &. As both are solutions of System (19) which is an analytical vector field, and we know
that ¢4(t), £2(t)eD for O<t<7 and D is a bounded region, it is clear, by the mean value Theorem, that A¢ is a solution of
the homogeneous linear equation

980 _pAc+AmAL max JAD] <K,
dt te[0,7]

being A the matrix

o+a 1 0
A= _% o+a 0]).
0 0 0

Then, since, |le?|| < e(@+o)t where ||-| is the euclidian norm, we have that
t
AL (t)e @] < [|AZ (0)]] +K/ e S|AL (s) | ds
0

and by Gronwall’s lemma one deduces
[AC ()e= T+ | < | AL (0)[[e*
which gives the result takingC =K+o +a. O
Next two lemmas are devoted to show how the flow of (19) behaves on suitable surfaces.

Lemma 3.5. For any Ry >0, there exists €y >0 small enough such that for any €<(0, &), |o|<0ooe (see Theorem 2.5) and
0 <R <Ry if one considers the cylinder

CGr={x*+y>=R? —1<z<—¢|logel}.

the flow of System (19) is pointing outwards the side boundary of Cg.

Proof. The normal vector to dCg is (%, y, 0). Therefore we need to check that xx +yy > 0 for (x, y, z) € 9Cg:
xx+yy = (0 —az)R* + cO(R?) > agR*(|loge| + ©(1))) > 0

if & is small enough. O

Lemma 3.6. Take v{ >0 and the ellipsoid

b
Sy = {Zz+m(xz+yz) =1 U1}~
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Then there exists &9 >0 small enough such that for any € € (0, &g), |o| <o e the surface defined by Sy, N {—-1 <z < —¢|loge|}
is contained in the region D defined in Lemma 3.4 and the flow of System (19) points outwards.

Proof. As the unstable manifold of p_, WY(p_), is e-close to the ellipsoid (14) (see (20)) in the region z<0 and vq is small
but independent of ¢, it is clear that if & is small enough S,, N {-1 <z < —¢|loge|} is contained in the region D. Moreover:

. b . .
ZZ+ m(xx+yy) =2(-1+22+ b +y*) +O(||x.y. 2+ 1))

b

a+

=z(a—vi(a+1)—az® +e0(]
+(1=v; =22 (—az+ O(¢e))

=—11Z2+0(g) > e(vy]loge| +0O(1)) >0

+ 1(xz—i—yz)(a—az—i—O(ez))

x.y.z+1]1))

if ¢ is small enough. O

Recall that in the coordinates which give System (19), the “north” equilibrium point is of the form p, = (0,0,1) + O(¢).

3.2.2. Proof of second item in Proposition 3.1
By Theorem 2.4 we know that the points

(U=W'p)n{z=0}, =W3(p-)n{z=0},
satisfy that, for some constant C*,
gt = ¢oll = e Ve 5 (C* + O(e)). (21)

Let us consider ¢y(t) and ¢(t) the solutions of System (19) such that £, s(0) = ¢%S. It is clear that, ¢ is defined for all t>0
and lim;_, . & (t) = p— = (0,0, —1), therefore it belongs to the domain D defined in Lemma 3.4. In fact {s(t) € {x =y =0}
for all t>0. Let t >0, given by this lemma, be such that ¢,(t)eD for te[0, t]. Then, applying Lemma 3.4, there exist a
positive constant C, such that, for 0<t<rt:

16 (®) ~ O = geFect 22)

As s(t) — p- = (0,0,-1) as t — +o0o, one concludes that, in order to leave the domain D, t has to satisfy

1 x
Fe_ﬂecr = O(])

and therefore, we can assure that, at least
T>—. 23
~ 4Ce (23)
Observe that the lower bound for 7 is not sharp but it will be enough for our purposes.

Now we prove that, indeed, ¢ (t) leaves the domain D, that is, it crosses the plane {z = 0} for some t > 7. With this result
we prove the second item in Proposition 3.1. We proceed by assuming the contrary, that is, that ¢(t) intD for all t > 0. We
do the proof in three steps:

Step 1: Preliminary considerations

Take vq >0 and consider the closed region V;,, with boundary

vy, =W4(p-)u{z=—¢|loge|}US,,
where the ellipsoid Sy, is defined in Lemma 3.6. Recall that, as it is indicated in (20), up to order ¢ the unstable manifold
WY (p-) is well approximated by the ellipsoid

2+ x> +y*) =1.

a+1
Consequently, the region V,, is O(¢) close to the region

b b

{Z§—5|10g5|}m{—\/1—a+1(X2+y2)§Z§—\/1—v1—a+1(x2+y2)}.

Step 2: Leaving V), by {z= —¢|loge|}
We claim that there exists 75> 0 independent of ¢ such that

Lu(T0) €Sy,
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Indeed, in [1] was proven that ¢s(t) = (0,0, tanh(—t) + O(¢)), among other results. Then we can go down along ¢,(t) as
close to z=—1 as we want. Since v is independent of & we can ensure that there exists 7; independent of & such that
T%¢s(Tg) = —1+ v1/2, consequently, as (22) assures that {(t) will be exponentially close to ¢(t), there exists T indepen-
dent of ¢ such that ¢u(7o) € Sy, and enters in V),.

Let T; be such that ¢u(t) e Vy, if te[T, T1]. By Lemma 3.6, the only way to leave the region V), is to cross the section
{z= —¢|loge|}. In addition, Lemma 3.5 assures that ¢ (t) leaves every cylinder {x? +y? = R2}. Therefore, we conclude that

Su(ty) € {z=—¢|logel}.
Step 3: Final conclusion
Since we are assuming that ¢(t) e intD for all t> 0, we have now that if t> t4, then 7%¢,(t) € [-¢|loge|, 0). We write
Cu(®) = (xu(t), yu(t), zu(t)). It is now clear that b(x2(t1) +y2(t1)) > (a4 1)(1 — vy + O(e2|loge|?)). As, by Taylor’s formula,
there exists & €[tq, t] such that
. 1,
Zu(t) =2u(T) + 2o(T) (t = T1) + 52060 (£ = T0)?
=—¢lloge| + (~1+¢&%log’ & + b(x2(T1) +Y2(11)) + O(e)) (t — T1)
1.
+ 52t - T)?
> —¢lloge[+ (=14 (a+1)(1 —v1) + O(e))(t — 1)
1.,
+ 52aE)(E - 1)
Take now tp, = 71 + me|loge| with m > 0. Since the solution ¢(s) remains bounded for s> 71,
zu(tm) = &|loge|(—1—m+m(a+1)(1-vy)) + O(e*| logel?).
Take vq > 0 such that (a+1)v; <a, then (a+1)(1 -v;) —1 > 0 and hence for

2
M= G DA =) =1

we have that zy(ty) > €|loge| + O(g2|loge|?) > 0 which is a contradiction since we have assumed that zy(t) <0 if t> 0.
If we call Qg = (rg cos 6y, rg sinfy, 0) = ¢u(7) the point where z,(7) = 0, and write the Eq. (19) in cylindrical coordinates
we have that

d -1

therefore, the estimate for 6 in Proposition 3.1 comes from (23).

3.2.3. Proof of first item in Proposition 3.1
It remains to estimate the distance from Qy to the unstable circle CU. Let us introduce r2 = x2 + y2. It is a well known fact
that, as o = O(¢g), System (19) written in cylindrical coordinates is O(g)-close to an integrable system with first integral

b
__2/a _ 52 2
H(r,z) =r |:l z a+1ri|.

We introduce the new variable

p=r(1+&y(z,0))12, (24)
with ¢ defined by (20). Then the two dimensional unstable manifold of p_ = (0,0, —-1) is

Wiy =12+ L o1

- a+1 '

The variation with respect to t of (p, z) is

d£

dt

dz
dt

(0 —az)p + 8,0]?(,0, z,0,e,0)

1+24+bp?(1+e¥) +e@z+Dh(p.2.0,8,0) +¢ehy(p,2.0.¢,0) (25)
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with fﬂl bounded and Ez of O(||p,z+ 1||2). That is, the properties of f and h;, h, are satisfied also after the change of
variables.
Step 1. A bound of H(p(t), z(t)).
We first prove that, if (p(t), z(t)) e {H(p, z) > 0} n{z < 0} for t> ¢y, then
H(p(t).z(t)) < H(p(t). z(to))e ¢~ (26)

for some constant K independent of the initial condition.
It is not difficult to see that

Z—IZ(/M) =§H(p,2)(a +ef(p.z.0.8,0))

- 22,02/“(8(2+ Dhi(p,260,¢,0) +¢chy(p, 2.0, s,a))

b (o + ef(p.z.0, £,0)).

_ p+d
L a+1

Let us denote & = o¢~! = O(1) and

_ ~ 2 ~

hy(p,z.0,¢,0) =22hz(p,z,9,8,0)+p2%(ﬁ+ f(p.2.0.¢.0)).
The unstable manifold of p— is contained in H(p,z) =0 and therefore is given by p = ¢(z) := %(1 —2z2)1/2, Conse-
quently

M p@.0=0
and using that H(¢(z), z)=0, we obtain
(z+1)zh1(¢(2).2.0.€,0) + ha(¢(2).2.0,€.0) = 0.
Notice that Dpﬁl is bounded and Dpﬁz = O(||(p,z+ 1)]|). Then, using the mean’s value theorem we have that

-~ -~ T
|hi(p.2.0.6.0) —hi(p(2).2.0.6.0)| = /0 Dohi(p +Mg(2) — p).2.0.¢,0) dA(¢(2) - p)

< Klp@) - pl
and

~ —~ T _
|h2(p.2.0,6,0) —ha(¢(2).2.0,¢,0)| = ‘/0 Dphz(p +1(¢(2) = p).2.0.6.0) dA(p(2) —p))

<K(z+1+p+1p@) - pDle@ - pol.
As a consequence

dH
ot (P-?)| = eKH(p.2) +Kep*(lz+ 11+ p+ 9@ - pl) 9@ - pl. (27)

Recall that ¢(2) =,/ %\/1 — 22, Notice on the one hand that

ail (%“ )= p7) = "L (0@ +p) (9@ - p)

H(p.z) = p* o

which implies

-1
/ [ b
@@ - p| = az1H(p,Z)(\/1—zz+p a+l)

On the other hand, using that ¢(z), p >0, we have that |¢(z) — p| < |¢(z) + p|. Therefore, using that z<0, from (27) and
changing K if necessary, we obtain:

dH

z+ 1+ p+p() -
‘(p’z) lz+ 11+ p + 9@ - pl

VI=22+ /20

seKH(p,Z)(1+ 2+ 1] +b+1)

T <eKH(p,2)| 1+

[1—2z a+1
< eKH(p,2)
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This inequality implies, by Gronwall’s lemma, bound (26), provided z(tg) <O0.

Step 2. A bound for 7.

Now we provide a bound from above of t, the time that the solution ¢ (t) needs for crossing again {z = 0}. Recall that
Cus(t) are the solutions such that &, s(0) = %S € {z = 0}. We call (ry, 8y, zu) the corresponding cylindrical coordinates and
pu(t) the corresponding radius defined in (24). We will prove that,

pm=om. =% (28)

for some constant d.

First we consider t; > 0 such that ¢(t) crosses by the first time the plane z = —7 for some 7 > 0. We have that z,(t;) =
—1. As argued before, t; is independent of ¢ and the corresponding radius p"(t;) ~ Ke—1+9e~ 3, that is, it is of the same
order as ||¢Y" — ¢®|| which is written in (21).

Now we consider the minimum value t, > t; such that {,(t;) € {z= —n}. We have that for te[ty, t,], zu(t) € [-1, —n].
Then, by (25) we have that

Pu = —0azypy + puO(€) = €1y
with ¢; = an + O(¢). This implies that

Pu(t) = pu(t)eT D, tety o] (29)
Assume 7 small enough to take v; < 1 — 72, with v; > 0. Note that

b g
Zﬁ(tl) + mpa(tl) =0+ O(Siwuefﬁ) <1-w,

and hence, (oy(t1).zu(t1)) ¢ Vy,. Then, reasoning as before, there exists t] > t; independent of & such that &u(t) e V;,, for
t €[t} t;]. Then
mpf(tz) >1-v-Z2(t)=1-v-1n*>0
which is an independent of ¢ constant. Consequently, when ¢ crosses the plane {z = —n} the radius py(t;) = O(1). We
recall that py(ty) ~ Ke~1+% 3. Then by (29) t, has to satisfy
C

1 T
f—t < a[logpu(tz> +o+a- 1>loge] <2

for some positive constant c,.
The time t that ¢, needs to meet the plane z =0 satisfies T —t, = O(1). Indeed, on the one hand, meanwhile the
solution is in V,, , that is if z,(t) < —¢|loge|, we have that

Zu=—1+4bp2+22+0(e) = -1+ (a+ 1)1 -v; —n?) + 0(e) >

N Q

if we take vy, n and ¢ small enough. Then, in this case we get z= —¢|loge| in a finite time. On the other hand the transition
from z = —¢|loge| has been studied before, obtaining also a finite (in fact of O(g|loge|)) time.

Step 3. End of the proof.

Using (26) with tg =0 and t = 7 and (28):

H(pu(7),zu(7)) < KH(pu(0),24(0)).
Again by (28), we deduce from the above bound that
(1) = Kpu(0)(1+ 00} (0)).

It follows that, there exists a constant L> 0 such that

a? — pu(T) < Lpu(0)¥°.

The required bound for the distance between Qg and the unstable curve C¥ follows from the above inequality taking into
account (21) and that C* is the circumference of radius /%.
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Appendix A. Proof of Lemma 2.1
We prove the result in the general case, being the divergence free case a straightforward consequence by performing the
obvious changes. The unfolding X,,,, can be written as
Xy (%,9,2) = (@Y, —a*x,0)T +cp +dv + O,
with ¢=(¢1.¢3.¢3)T € R3, d=(d;.dp.d3)T €eR?® and where O, stands for a vector field with components of order
O(l(x,y,z ,v)||%). In general, we will use the notation
Oc=0(l(x,y, 2, 1, V).
By means of the change of variables

_ c dyv - c dv
iy pntd )’ y=y+(1'u+ 1 )’

o* o*
we transform the unfolding into (keeping the same notation)

Xuw (x,9,2) = (@Y, —a*x, 3 +d3v) T + Oy. (A1)
After a second order normal form procedure applied to X, ,(x, y, z), it can be written as (see [23,24,39]):

% =X(Bov + B3n — PrZ) + (@ + aqv + capt + @3Z) + O3,

% =—X(@" + v+ apu +asZ) +J(Bv + Bi ik — PrZ) + Os,

g == Vol =YgV + N2 + 2@ + 7)) + ysu? + yav? + yspuv + v w2+ y{vi+ 05,

The coefficients 81, 1, ¥2 and o3 depend only on the initial singularity and straightforward computations give:

B = —%(agznxx* +93,,mX*)(0),  y1= %82 TZX*(0),

72

1
v2 = 7 (057°X" + 057°X7) (0).
It follows from conditions in (6) and (9) that

v1v2 >0, viB1 >0, |B1] < 2|yl (A2)

The terms B}, B2, v4. v¢ depend on the second order derivatives of X, at zero, that is, on the terms of degree two of
the unfolding. Namely, it is straightforward to check that

1
Ba = i(a,zunxxﬂ,u + 0y X)) (0), ¥y = —C3,

1
,302 = E(a;zunxxu,v + ay,,u,jTyX[L,U)(o)ﬂ Voz = —ds,
where c3 and d3 are introduced in (A.1). Note that
Yo =—C3 =8, X00(0) y§ = —d3 = —8,77Xp0(0).

It follows from the generic condition (7) that Bly} — B2y # 0. Hence we can introduce new parameters

U=PBov+Boi. B=Vol+V5v,

obtaining
¥ . e e e ~

ar X0 = Bi2) + (@ + @0 + Qi + 032) + O3,
j s e 540
a =—X(@*+ a1V + G i +032) + (D — B12) + O3,
dz
dt

Expressions of &1, &, 3, V4, Vs, )711 and )712 are not provided because they are not relevant in the sequel. Since a* >0, in

=— A+ nZ+ 2R +5) + P3i” + Pab® + P50 + P fiz + POz + O

1 1 d] ~ O~l2 o3

_ - _ o 5 Y I
CrEITEATeE @ @ @rh T e toUE A DD
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to get the equivalent family

AR s - s -

I7 = M(BoD = r2) + 7+ 03

G . a

%=—X+Y(,30V—ﬁ12)+03

AZ o

Iy = Tl + 2+ (R + 37) + P37 + 74D + PsfLD + P iz + P02+ O3
with

3 _ 1 s _ P -1 - _ N - _ Y

ﬁo—a*, ﬂ1—a* Vo—a*, m-w, yz—a*.

Precise expressions for j3, V4, Vs, )711 and )'/]1 are not relevant for further calculations. Then, since the condition (A.2) is
satisfied, ; # 0 and we can introduce the change of variables:

g
F=%  §=7 2=)715+M

and parameters:
17 1 9252

PO +YIV) o
M=V0V1M+W+—V1V3M2—V1V4V2— 15D,
C o Bia+ )
V= ,30V+ TM

to obtain the normal form (10):
d_)?
dt
4y
dt
d_f
dt

=R(D - a2) + 9+ O3
= —)24—9(\3 —(12) + O3
=-—A+2+bE+7)+0;

By , b= y19, or equivalently:

a:&, b= yive

7 (o)
Note that the condition (A.2) is now equivalent to:
b>0, a>0, a<2,

where the two first conditions correspond to (6) and the third one to (9).
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