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Abstract. In this paper we study planar polynomial Kolmogorov’s differential systems

X {x = xf(x,y; 1),
H .
y=yg(x,y; 1),

with the parameter y varying in an open subset A C RN. Compactifying Xy to the
Poincaré disc, the boundary of the first quadrant is an invariant triangle I', that we
assume to be a hyperbolic polycycle with exactly three saddle points at its vertices for
all p € A. We are interested in the cyclicity of T inside the family {X},cx, ie., the
number of limit cycles that bifurcate from I' as we perturb y. In our main result we
define three functions that play the same role for the cyclicity of the polycycle as the
first three Lyapunov quantities for the cyclicity of a focus. As an application we study
two cubic Kolmogorov families, with N = 3 and N = 5, and in both cases we are able
to determine the cyclicity of the polycycle for all u € A, including those parameters for
which the return map along I is the identity.
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1 Introduction and main results

The present paper is motivated by the results obtained by Gasull, Mafiosa and Mafiosas [8]
with regard to the stability of an unbounded polycycle I' in the Kolmogorov’s polynomial
differential systems

{x = xf(x,y),
y=y8(xy).
These systems are widely used in ecology to describe the interaction between two populations,
see [18] for instance. That being said, the stability of the polycycle is not the main issue to
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which this paper is addressed. Indeed, assuming that the coefficients of the polynomials f
and g depend analytically on a parameter y, we are interested in the cyclicity of the polycycle
(see Definition 1.2 below), which roughly speaking is the number of limit cycles that can
bifurcate from I' as we perturb p. In our main result (Theorem A) we define three functions,
di(u), do(p) and ds(u), that play the same role for the cyclicity of the polycycle as the first
three Lyapunov quantities for the cyclicity of a focus. Recall that the displacement map can
be analytically extended to a focus and that the Lyapunov quantities are the coefficients of
its Taylor’s series. On the contrary the displacement map has no smooth extension to a
polycycle. At best one can hope that it has some asymptotic expansion. This is indeed the
case for the polycycle that we study in the present paper and in order to obtain it we strongly
rely in our previous results [14-16] about the asymptotic expansion of the Dulac map of
an unfolding of hyperbolic saddles. The principal part of the asymptotic expansion of the
displacement map is given in a monomial scale containing a deformation of the logarithm,
the so-called Ecalle-Roussarie compensator, and the remainder is uniformly flat with respect
to the parameters. The functions d;(y) in Theorem A are essentially the coefficients of the
first three monomials in the principal part, which explains their relation with the cyclicity.
For other results regarding the cyclicity of polycycles and more general limit periodic sets the
reader is referred to [5,6,11,22] and references therein.

Most of the work on planar polynomial differential systems, including this paper, is related
to the questions surrounding Hilbert’s 16th problem (see for instance [10,21,23] and references
therein) and its various weakened versions. In this setting it is worth to mention that, using
a compactness argument, Roussarie [20] showed that to prove the existential part of Hilbert’s
16th problem in the family P, of all polynomial vector fields of degree < n it is sufficient to
show that each limit periodic set in P, has finite cyclicity.

Definition 1.1. Let X be a vector field on R? (or S?). A graphic T for X is a compact, non-
empty invariant subset which is a continuous image of S! and consists of a finite number
of isolated singular points {p1,..., pm, Pm+1 = p1} (not necessarily distinct) and compatibly
oriented separatrices {si,...,s;} connecting them (i.e., such that the a-limit set of s; is p; and
the w-limit set of s; is p;;1). A graphic is said to be hyperbolic if all its singular points are
hyperbolic saddles. A polycyle is a graphic with a return map defined on one of its sides.

The polycycle that we aim to study is unbounded. In order to investigate the behaviour
of the trajectories of a polynomial vector field Y near infinity we can consider its Poincaré
compactification p(Y), see [2, §5] for details, which is an analytically equivalent vector field
defined on the sphere $2. The points at infinity of R? are in bijective correspondence with
the points of the equator of §?, that we denote by /. Furthermore, the trajectories of p(Y)
in 5% are symmetric with respect to the origin and so it suffices to draw its flow in the closed
northern hemisphere only, the so called Poincaré disc.

Definition 1.2. Let { X, },ca be a family of vector fields on $* and suppose that I is a polycyle
for X,,. We say that I' has finite cyclicity in the family {X},},cx if there exist x € IN, e > 0 and
0 > 0 such that any X, with ||y — po|| < ¢ has at most « limit cycles «; with disty (T, ;) < e.
The minimum of such x when ¢ and J go to zero is called the cyclicity of I' in {X,},ca and
denoted by Cycl((T, X,,), Xy).

In this paper we consider the family of vector fields {X},},ea given by

Xy:= f(x,y; 1) x0x + g(x, Y5 1) yoy (1.1)
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Figure 1.1: Placement of the hyperbolic saddles and the polycycle I' in the
Poincaré disc.

where A is an open subset of RN and f and g are polynomials in x and y of degree n € IN with
the coefficients depending analytically on y. The standing hypothesis on the family { X} },ca
are the following;:

H1 f(z,0;1) >0,¢(0,z;1) <0and (fu —gn)(L,z;4) <Oforallz > 0and y € A.

H2 A(p) = (%)(1,0;]4), Ar(p) = (f”f—ng”)(O,l;y) and Az(p) := —(£)(0,0; ), are well
&= 8 f

defined and strictly positive for all 4 € A.

Here, and in what follows, f, and g, denote, respectively, the homogeneous part of degree n
of f and g. Conditions H1 and H2 guarantee that, after compactifying the polynomial vector
field X, to the Poincaré disc, the boundary of the first quadrant is a polycyle with three
hyperbolic saddles, see Figure 1.1,

s1:={y=0}Nle, s2:={x=0}Nls and s3:=(0,0).
From now on we shall denote this polycyle by I, that we remark is a compact subset of the

Poincaré disc. The hyperbolicity ratios of the saddles at its vertices are precisely the ones
given in H2. We also define:

i =ep([[(F)are01+£) ). e =ew ([ () a2 +a) %),
Lo1(u) = exp (/Ol (%) 0 +4) dz) , Lp(u) =exp (/Ou((ggf) (0,1/2) +12) dz) :
La1(u) = exp (/Ou«?) (z,0) + A3 dj) , La(u) = exp </0u (( ) (0,z) + ;3) d;)

pny

09 [~

>(1/u,0) and M3(u):L31(u)82<g> (1,0). (1.2)

f
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We point out that all these functions depend on the parameter u. This dependence is omitted
for the sake of shortness when there is no risk of confusion.

We can now state our main result, which is addressed to the cyclicity of the polycycle T
inside the polynomial family {X) },ca. More formally, we should refer to the compactified
family {p(X,)}en of vector fields on 8% but for the simplicity in the exposition we commit
an abuse of language by identifying both families. It is clear that the number of limit cycles
of p(X,) and X, is the same. In the statement Z(-;u) stands for the return map of the
vector field X, around the polycycle T (see Figure 1.1) and we use the notion of functional
independence that is given in Definition 2.8.

Theorem A. Consider the family of Kolmogorov polynomial vector fields { X, } e given in (1.1) and
verifying the assumptions H1 and H2. Then, for any pg € A, the following assertions hold with regard
to the cyclicity of the polycycle I inside the family:

(a) Cycl((T, Xy,), Xy) = 0if di(p) := 1 — A1 A2A3 does not vanish at yo.
(b) Cycl((T, Xy,), Xu) = 1if dy vanishes and is independent at po and % - ; po) # Id.

_ Ay MAz _
(c) Cycl((T, Xpy), Xy) < 1ifdy(p):=log ((%g) (li—ii) %g;) (1) does not vanish at .
(d) Cycl((T, Xy,), Xy) = 2 if d1 and dy vanish and are independent at yo and Z( - ; po) # 1d.

)

In case that A1 (po) <

(e) Cycl((T, Xy), Xu) < 2ifds(p):= M3(A3,1)L11(1) —Ml(%l,l)Lgl(l) does not vanish at .
), X

(f) Cyel((T, Xy,

Let us make some remarks with regard to the regularity of the functions d;, d> and d3
defined in the statement. On account of the hypothesis H1 and H2 it is evident that d; is
analytic on the whole parameter space A. On the other hand, d is defined in terms of the
functions p ~ L;;(1), which in turn are given by some (apparently) improper integrals. By
applying the Weierstrass Division Theorem one can easily show that each L;;(1) is an analytic
strictly positive function, so that d; is also analytic on A. Finally, d3 is given by means of a
sort of incomplete Mellin transform (which is defined in Proposition 2.5) of the functions M;
and M3 in (1.2). One can show that the hypothesis H1 and H2 imply that each M;(u; )
is analytic on (—¢, +00) x A for some ¢ > 0. Taking this into account, by applying (d) in
Proposition 2.5 it follows that d3 is a meromorphic function on A having poles only at those
o such that 1/)\1(]40) € N or )\3(“1/10) € NN.

Also with regard to the statement of Theorem A, the assertions (¢) and (f) hold under the
assumptions Aq(po) < 1, A2(po) > 1 and A3(po) > 1. However, one can always reduce to this
case provided that A;(ug) # 1 for i = 1,2,3 by means of a rescaling of time and a projective
change of coordinates that permute conveniently the three singular points of the polycycle.

The paper [8] constitutes an important previous contribution to the study of Kolmogorov
polycycles that should be referred. Indeed, following our notations and definitions, the au-
thors prove (see [8, Theorem 1]) that if di(yp) = O then the return map of Xy, around the
polycycle I' is of the form

<1, A2(po) > 1 and As(pg) > 1 then the following assertions hold as well:

) > 3 if dq, dy and dz vanish and are independent at po and Z( - ; o) = 1d.

R(s; mo) = As +0(s), (1.3)

cf. (b) in Theorem 2.6, and they also provide the explicit expression of the coefficient A.
This coefficient is given as the limit of a sum of three improper integrals, which computed
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separately diverge. An easy manipulation of the integrals shows that these divergences cancel
each other, yielding to the expression of d, given in Theorem A. It is important to remark
that the expansion in (1.3) can not be used to obtain an upper bound for Cycl((T, X,,), X,)
because the remainder is not uniform with respect to the parameters. It is possible, however,
to use it to obtain lower bounds. In this direction the authors prove in [8, Corollary 5] that
if d; vanishes and is independent at po and d(po) # 0 then Cycl((T, X,,), X)) > 1. Since
da(po) # 0 implies Z( ;o) # Id by Theorem 2.6, this lower bound follows by applying (b)
in Theorem A.

The paper is organised in the following way. Section 2 is entirely devoted to prove Theo-
rem A and for that purpose we rely in our previous results about the asymptotic expansion of
the Dulac map of a hyperbolic saddle that we obtain in [14-16]. For this reason, before starting
the proof of Theorem A we first state these results and introduce the necessary definitions.
The asymptotic expansion of the displacement map near the polycycle is given in Theorem 2.6
and constitutes the fundamental tool in order to prove Theorem A. As a by-product of this ex-
pansion we obtain a method to study the stability of the polycycle, see Remark 2.7. Section 3
is addressed to the applications. The first one is Theorem 3.1, where we consider a Kol-
mogorov’s cubic system depending on three parameters that was previously studied in [8].
The authors in that paper show that there exist parameters for which the cyclicity of the poly-
cycle is at least 1. In the present paper we obtain the exact cyclicity of all the parameters in
the family (that can be 0 or 1), including the case in which the return map along the polycycle
is the identity. We also show that there exists exactly one singularity in the first quadrant,
which can be a focus or a center, and we compute its cyclicity. Finally we prove that it is not
possible a simultaneous bifurcation of limit cycles from the polycycle and that singularity. We
give our second application in Theorem 3.2, where we consider a Kolmogorov’s cubic system
depending on five parameters. In this case we also provide the exact cyclicity of I" for all the
parameters in the family, which again can be 0 or 1.

2 Proof of Theorem A

In order to tackle the proof of Theorem A we will appeal to some previous results from [14-16]
about the asymptotic expansion of the Dulac map. For reader’s convenience we gather these
results in Proposition 2.4. To this end it is first necessary to introduce some new notation and
definitions.

Setting 7:= (A,v) € W:= (0, +0c0) x W with W an open set of RN, we consider the family
of vector fields { Xy}, . with

Xp(x1,x2) = x1P1(x1, X2, 0) 0y, + x2P2(x1, X2;7)0x, (2.1)
where
e Py and P, belong to € (% x W) for some open set % of R? containing the origin,

e Pi(x1,0;0) > 0and P,(0,x;7) < 0 for all (x1,0),(0,x3) € % and 0 € W,

__ B(00v)
* A= _P?(0,0,'v)'

Thus, for all ¥ € W, the origin is a hyperbolic saddle of X; with the separatrices lying in the
axis. We point out that here the hyperbolicity ratio of the saddle is an independent parameter,
although in the proof of Theorem A we will have A = A(v). The reason for this is that the



6 D. Marin and ]. Villadelprat

X2
> 1(s)
o 0 D(s)

o, oi(s) 2

0 S g

02(D(s))

X1

2

Figure 2.1: Definition of the Dulac map D( -;7), where ¢(t, p;7) is the solution
of Xy passing through the point p € % at time t = 0.

hyperbolicity ratio turns out to be the ruling parameter in our results and, besides, having it
uncoupled from the rest of parameters simplifies the notation in the statements. Moreover, for
i =1,2, we consider a €% transverse section 0;: (—¢,¢€) X W — % to Xy at x; = 0 defined by

oi(s;7) = ((71'1(5;17),(71‘2(5}17))

such that 01 (0,7) € {(0,x2);x2 > 0} and 02(0,7) € {(x1,0);x1 > 0} forall ¥ € W. We denote
the Dulac map of Xy from ¥; to X, by D(-;7), see Figure 2.1. The asymptotic expansion of
D(s;7) at s = 0 consists of a remainder and a principal part. The principal part is given in
a monomial scale that contains a deformation of the logarithm, the so-called Ecalle-Roussarie
compensator, whereas the remainder has good flatness properties with respect to the param-
eters. We next give precise definitions of these key notions.

Definition 2.1. The function defined for s > 0 and &« € R by means of

{sal ifa #£0,

w(s;a) =
(s;) —logs ifa=0,

is called the Ecalle—Roussarie compensator.

Definition 2.2. Consider an open subset U C W C RNT!. We say that a function ¢(s;?)
belongs to the class €2, (U) if there exist an open neighbourhood Q of

{(5,7) e RN*%,5 =0,0 e U} = {0} x U
in RN*2 such that (s, ?) — ¢(s; ) is € on QN ((0, +00) x U).

More formally, the definition of €2 ,(U) must be thought in terms of germs with respect

to relative neighbourhoods of {0} x U in (0, +-00) x U. In doing so €.2,(U) becomes a ring.
We can now introduce the notion of flatness that we shall use in the sequel.

Definition 2.3. Consider an open subset U ¢ W ¢ RN*1. Given L € R and 7 € U, we say

that a function y(s;7) € €2 ,(U) is L-flat with respect to s at Uy, and we write i € F°(0p), if

for each ¢ = (4o, l1,...,0n11) € ZI;](J{Z there exist a neighbourhood V of 7y and C, sy > 0 such

that -

0l (s; D)

Loantt . apint
0st007, iy W

If W is a (not necessarily open) subset of U then define F°(W):= Nycw Fi°(?0)-

< Cst forall s € (0,50) and 7 € V.
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Apart from the remainder and the monomial order, the most important ingredient for our
purposes is the explicit expression of the coefficients in the asymptotic expansion. In order
to give them we introduce next some additional notation, where for the sake of shortness the
dependence on 7 = (A, v) is omitted. We define the functions:

/ Ploz % ex/ PzZO @
b PzOz z e Ple z
Pl )

My ()= La(w (31 ) (0.0 Ma(u)i= Lo (122 () (1,0

(2.2)

On the other hand, for shortness as well, we use the compact notation Tijk for the kth derivative
at s = 0 of the jth component of 0;(s; 7), i.e.,

oiji(0) := 9oy (0; 0).

Taking this notation into account we also introduce the following real values, where once
again we omit the dependence on 7:

1o o P 1% N
5= Oz _121< 1)(0 o10) — MLy (1/2,010)

20111 0120 \ P2 1(0120)
2.3)
022 0o P2> .
Sy:= - = 0210, 0 M> (A, 0910).
27 200 a0 (Pl (0210,0) = Ly(0210) 2(A,210)

Here M; stands for a sort of incomplete Mellin transform of M; that will be defined by Propo-
sition 2.5 below. We can now state the following result, which gathers Theorem A and Theo-
rem 4.1 in [16] and that it will constitute the key tool in order to prove the main result in the
present paper.

Proposition 2.4. Let D(s;0) be the Dulac map of the hyperbolic saddle (2.1) from X1 and X, and
define

A
L
po(0) = 7120 L2(0210) -y gy _ AAS, and ag(0) = —a3Sy,
Ly (0120) 022109y

where ¥ = (A, v) € W = (0,4+00) x W. Then A is analytic and strictly positive on W, Ay is
meromorphic on W with poles only at A € & and A, is meromorphic on W with poles only at A € IN.
Moreover the following assertions hold:

(1) If Ao < 1then D(s;0) = s* (Ao(0) + Az (0)s* + F*({Ao} x W)) for any £ € [Ag, min(2Ag,1)).
(2) If Ao = 1 then D(s; D) = s (Do (D) + A (w; 0)s + F*({Ao} x W)) for any ¢ € [1,2), where
AM(w; ) = M (D) + D (D) (1 + aw),
x=1-Aand w = w(s;a).
(3) If Ag > 1 then D(s;0) = s (Do(D) + A1 (D)s + F2({Ao} x W)) for any £ € [1,min(A,2)).
In particular, D(s;0) = s*(Ao(0) + F°({Ao} x W)) for any £ € (0, min(A, 1)).

The flatness ¢ of the remainder can range in a certain interval depending on Aq. The left
endpoint of this interval is only given for completeness to guarantee that all the monomials in
the principal part are relevant (i.e., they cannot be included in the remainder). The important
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information about the flatness is given by the right endpoint. A key tool in order to give a
closed expression of the coefficients A; is the use of a sort of incomplete Mellin transform,
which is accurately defined in the next result. For a proof of this result the reader is referred
to [16, Appendix B].

Proposition 2.5. Consider an open interval I of R containing x = 0 and an open subset U of RM.

(a) Given f(x;v) € €%(I x U), there exits a unique f(a,x;v) € €°((R\ Z>o) x I x U) such
that
x0:f(, x;0) — af (a,x;0) = f(x;0).

(b) If x € I\ {0} then dx(f (&, x;v)|x|~*) = flxv)= B2 g, taking any k € Z o with k > «,

1

o) = T HO s e [ (o) - T (6 0) o2,

. s’
i=0
where TSf(x;0) = Lo 20L£(0;v)x is the k-th degree Taylor polynomial of f(x;v) at x = 0.

(c) For each (ig, x0,00) € Z>o x I x W thefunction (&, x,0) = (i — a) f(a, x;v) extends € at
(io, X0, vo) and, moreover, it tends to - 8l°f(0 vo)xg as (a,x,v) — (i, Xo, Vo).

(d) If f(x;v) is analytic on I x U then f(a,x;v) is analytic on (R \ Z=o) x I x U. Finally, for each
(0, X0, v0) € Zso x I x U the function («,x,v) — (ag — &) f (&, x;v) extends analytically to
(“O/ X0, UO)'

On account of this result for each M;(u;?) in (2.2) we have that (a,u;0) — M;(x,u;7)
is a well defined meromorphic function with poles only at « € Z>p. Accordingly, see
(2.3), Mi1(1/A,0120) and My (A, 019) are the values (depending on 7) that we obtain by tak-
ing My (a,u;0) with @ = 1/A and u = o720(?) and by taking Mo(a,u;0) with « = A and
u = 0910(7), respectively.

At this point we get back to the setting treated in the present paper and from now on we
recover the original notation for the parameters in the family under consideration, see (1.1).
In order to study the Dulac maps of the hyperbolic saddles at the vertices of the polycycle I
we take three local transverse sections 1, Xy, and X3 parametrised, respectively, by s — (1,s),
s+ (1/5,1/s) and s — (s,1) with s > 0. We define D;(s; ) to be the Dulac map of X, from
Y1 to Xp, Da(s; i) to be the Dulac map of X, from X, to X3 and, finally, Ds(s; ) to be the
Dulac map of —X, from ¥; to X3, see Figure 2.2 x It is then clear that the limit cycles of X
near I are in one to one correspondence with the isolated positive zeroes of

Z(s;u):= (Dyo Dy — D3)(s; )

near s = 0. The proof of Theorem A strongly relies in our next result, where we get the
asymptotic expansion of %(s;u) at s = 0 and we compute its coefficients. In its statement
di(u), for i = 1,2,3, are the functions defined in Theorem A and R{x},, stands for the local
ring of convergent power series at p.

Theorem 2.6. Let us fix any pg € A and set \:= A;(po) for i =1,2,3.
(a) If AYAJAY # 1 then, for any €1 € (min(A9A3,1/A9), min(A9 + A9A9, 1 + A9A9,2A919,1 +
1/79,2/19)),
P(si ) = a1 ()s™2 — ax()s'™ + F77 (o),

where a1 and ap are analytic and strictly positive functions on A.
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Figure 2.2: Auxiliary Dulac maps for the definition of 2 = D, o D; — D3 in
Theorem 2.6. The return map in Theorem A, with respect to the transverse
section X1, would be #Z = D3_1 oDyoDy = D3_1 o7 +1d.

(b) If AAAIAG = 1 then, for any €, € (0, min(1, A9, A9A9)),

P(s;p) = (b1 (u) w(s;0(p)) + ba(p) + Fi5 (no))s''™,

where &« = 1/A3 — Ao, by = aay and by = a; — ay. Moreover the equalities

(bl) = (dl) ElTld (bl, bz) = (dl, dz)

between ideals over the ring R{yu},, are verified. Assuming A > 1, AJ > 1 and AJ < 1
additionally then, for any {3 € (1,min(2,A%,1/19)),

P(s1) = (br(p) w(s;a(p)) + ba(p) + bs(u)s + F5; (o)) U(s; ),
where b is an analytic function at ug verifying that
(b1, b2, b3) = (dy,d2,d3)
over the ring R{u},, and U is an analytic function such that U(0; po) = 1.

Proof. In order to study the Dulac map D; from X; to Xy we compactify X, by means of

the coordinate change {x; = %,xz = %} One can easily verify that the new vector field is

orbitally conjugated to (2.1) particularised with Py (x1,x2) = x4 (f — g)(xiz, ) and Pa(x1,x2) =
x5 f (x%, 4 ), whereas in these coordinates the transverse sections ¥; and X, are parametrised

by ci(s) = (s,1) and o2(s) = (1,s), respectively. The hyperbolicity ratio of the saddle at
the origin is Ay = —(#)(0,0) = ( gnfj 7-)(1,0). Therefore, by applying Proposition 2.4 we can
assert that

Di(s) = A1os™ (1+ F2(no)),  with Aqg:= (LioL") (1) (2.4)
and any 0 < ¢; < min(1,A9). Recall here that AY = A;(j) for i = 1,2,3 by definition.
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Next, to analyse the Dulac map D, from % to X3 we compactify X, performing the change

of coordinates given by {x] = %, Xy = 5} One can check that the new vector field is orbitally

conjugated to (2.1) with Pj(x1,x2) = x7g(2, L) and P,(x1,x2) = x}(g — £)(22,1) and that

X1’ X1 x17 X1
in these coordinates the transverse sections 212 and X3 are parametrised by 1(71 (15) = (s,1)
and 0»(s) = (1,s), respectively. The hyperbolicity ratio of the saddle at the origin is A, =

— (%) (0,0) = (%) (0,1). Thus, by Proposition 2.4 again,

Da(s) = Ao0s™ (1 + F32(uo)),  with Agg:= (LaaLy?) (1) 2.5)

and any 0 < £, < min(1,A9).

Finally, to study the Dulac map D3 of from X to X3 we make the reflection {x1 =y, xp =
x}, which brings —Xj, to (2.1) with Pi(x1,x2) = —g(x2,x1) and Po(x1,x2) = —f(x2,x1). In
these coordinates the transverse sections X; and X3 are parametrised by o1(s) = (s,1) and
02(s) = (1,s), respectively, and the hyperbolicity ratio of the saddle is %3 = —(%) (0,0) =

_ (éf) (0,0). Hence by Proposition 2.4 once again,

Ds(s) = Asos"/ ™ (1+ F2(no)),  with Ago:= (LspoL3,"/ ™) (1) (2.6)

and any 0 < /3 < min(1,1/A3). Consequently, from (2.4), (2.5) and (2.6) we get that

9(5) = (D2 o} D1 — D3) (S) = AzoAi\SS/\lAz (1 + ./T'Z)(]Jo)))\z(l + JT'Z)(VO)) —A3051/A3 (1 —+ fg(}lo))
= MooAsMM (14 FE (o)) (1 + F (o)) — Aaos™™ (1 + F2 (o))
= AgA)3s™MM2 — Aggst/ Mo + Fis (ho),

where, by [15, Lemma A.2], we can take ¢4, and /5 to be any numbers such that 0 < /4 <
min(/\(l), A?)\g) and min(A‘l)Ag, 1/)\8)) < U5 < min(A(l) + )\(1)/\0, 1+ A(l)/\o, 2/\(1))&8, 1+ 1/)\0,2/2&%),
respectively. Thus, setting a;:= AZOA% and a, := A3y, we obtain

P(s) = a1sM™ — apst/ M 4 Fis (Ho) (2.7)

and this proves (a) because each Aj is a strictly positive analytic function by Proposition 2.4.

Let us proceed next with the proof of the assertions in (), thus from now on we assume
that /\(1))\8)\3 = 1. Then, setting « = 1/A3 — A1A; and taking any 45 € (0, min(l,)\?, A(l’/\g)),
from the above expression we get

9(5) — Sl//\S ([1152\1/\271//\3 —ay + FZ(VO))
_ Sl/)\3 (111(1 + “w(s;lx)) —ar + fZ(VO))
= 1% (bro(s; ) + by + F2 (o)),

where by := aaq and by := a1 — a;. Here we also take Definition 2.1 into account. Since a7 is
an analytic non-vanishing function at yp and d; = Aza, we obtain the equality (by) = (d1)
between ideals over the local ring R{},,. In order to show that (b1, b;) = (d1,d2) holds as
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well we note that, from (2.4), (2.5) and (2.6) again,
by(p) = a1 — az = AyA)2 — Agg

—Aa7AaT —MA —1/A
= (L22L21 2L122L11 12— L32L31 3)‘

u=1
/A3 1 A
S PAY (e N R
31 ) Lﬁ“ Lé‘f 1

—1/A Ly L5 133
= LapLy "™ | Ly LiszL)‘Wﬁ_l + (L3 — 1)
1 Lo

u=1

= x1(p)da(p) + a(p)ra(p),

Lyp L5-1

d
e2—1 —
and 1 = Mo ’uzl

‘uzl d2

where k] = Lf% are analytic functions at yg because so it

is each L;; by 3[116, Lemma 2.3]. Thus, 3n account of d; = Azx, we get that by = x1ds + K3d;.
Hence (by,b2) = (d1,d2) over the ring R{p},, since x1(po) > 0 and we have already shown
that (bl) = (dl)

So far we have proved the first assertion in (b). To show the second one, besides AAIA] =
1, we assume A) > 1, A > 1 and A} < 1. On account of this we can apply point (3) in
Proposition 2.4 to conclude that

Di(s) = s™ (A1g + Ays + Fi2 (o)) for any £7 € [1,min(A9,2)), (2.8)

Ds(s) = "2 (Ag0 + Agis + Fi2 (o)) for any £ € [1,min(A9,2)), (2.9)
and

Ds(s) = st/ (As0 + Asis + F (o)) forany £ € [1,min(1//\0,2)). (2.10)

Here the first order coefficients Aqg, Ay and Agzg are the ones already defined in (2.4), (2.5)
and (2.6), respectively. With regard to the second order coefficients, only the ones of D; and
D3 are relevant for our purposes, which are given by

~ MAM;(1/A4,1)
L11(1)
respectively. In each case, on account of (1.2), this follows easily from the formula Ay = AApS;

given in Proposition 2.4 and taking S; in (2.3) particularised to o3 (s) = (s, 1).
From (2.8) and (2.9), by applying [15, Lemma A.2] we can assert that

 AyM3(A3,1)
AsLz (1) 7

All = and A31 = (211)

(D20 Dy)(s) = s (A1g + Anis + }—Z)AZ (D20 + Aois™ (Aqp + Apys + F2) + Fio)
= MM (AR 4+ AAR T Ars + F5) (Boo + Aois™ (Arg + Auis) + Fi2 + F72)
= MM (AR 4+ AAR T Arrs + FRY) (Boo + BroAais™ + ApAgs™ T+ )
for any ¢19 € [AY, AYmin(A9,2)) in the first equality, any 411 € [AJ + 1, A9 + min(AY,2)) in the

second one and any (1, € [A) 4+ 1, min(2A9,A) +2,A9A9)) in the third one. Furthermore, in
the second equality we use that, for any 7 = (),

(I4as+F)"=1A+as)"+F,=1+ans+ Foe + Fy, (2.12)
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for any € > 0, which in turn follows noting that

(1+as+F)" = (1+as)! = (1+as)" (14 575)" = 1)

= (1+as)"((1+ Fp)"—1) = (1 +as)'Fy = Fy.

Consequently L R -
(D2 o Dl) (s) = g2 (AzoAlé + )\zAnAzoAlé s+ ]:go;)/

where we use again [15, Lemma A.2] taking AY > 1 and A9 > 1 into account. Hence, from
(2.10) and plug in s™* = 1+ aw(s; «) as before, we get
2(s) = (D20 D1 — Ds)(s)
= gl/4s (Sia (AzoA{% + A2A11A20A1\5715 + f[o;) — Azg — Az15 — f;:)
— 51/)\3 ((1 + Dcw(S;Dé))AzoA{%U(S) — Azp — Azs — fg),

where we define U(s) = 1+ AA11A;'s + Fi>. The application of the formula given in (2.12)
with 7 = —1 shows that U(s) ! = 1 — AyA11A}'s + F,. Thus one can easily verify that the
above expression yields to

2(s) = s/ U(s) (biw(s; o) + by + bgs + J-"Z;)

with f13 € [1,min()\‘1), 1/A9,2)) and b3:= A2A11A30A1_01 — Az;. Let us recall here that by = aay =
ucAzoA% and b, = a1 —ap, = AZQA% — Azp, where a; and a; are the analytic and strictly positive
functions in (2.7). On account of the assumptions A? > 1 and A < 1 we have A1(y) ¢ &
and Az(u) ¢ IN for p ~ po, which imply respectively that Aj; and Az are analytic at yo by
Proposition 2.4. Consequently b3 is an analytic function at yo. That being said we claim that
the equality (b, by, b3) = (dy, d2, d3) between ideals over the local ring R{y},, is true. In order
to prove this, for the sake of shortness in the next computation we follow the convention that
x stands for an analytic function at yo and « stands for an analytic strictly positive function at
Ho. Some easy computations following this convention yield

by = Ay (A2A11Bs0 — Ds1A10) = Ay (A2B11A30 — Az1D19)
Mi(1/Aq, M3(A3,1 N ~ ~
= — o (Aopy PR - LG ) — —f (MA2AaNE (£,1) Ln (1) = Ms(A3, 1)Lua (1))
= —&((1 = )M (£,1) Lt (1) = M(A5, 1) L (1))

= k(Mg,()\g,,l)Lll(l) — Ml(%l/l)LE;l(]‘)) + xdy.

where in the third and fifth equalities we use (2.11) and d; := 1 — A1 A2A3, respectively. Hence
by = #&ds + xd; since d3 := Mjz(A3,1)L11(1) — Ml(%l,l)Lm(l). On account of (by) = (dq)
and (b1, by) = (d1,dz), this shows the validity of the claim and completes the proof of the
result. O

Remark 2.7. There are two important observations to be made about Theorem 2.6:

(a) The statement claims that the equalities (b1) = (d1), (b1,b2) = (d1,d2) and (b1, by, b3) =
(d1,d>,d3) between ideals over the local ring R{y},, are satisfied. As a matter of fact, in
the proof we show a stronger property, namely that the following holds:

dl K1 0 0 bl
dy = x K O b, ,
d3 * * K3 b3
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where all the entries in the matrix are analytic functions on A and each «; is strictly
positive.

(b) From the dynamical point of view it is interesting to point out that the asymptotic expan-
sion of the displacement map Z(s; yo) given in Theorem 2.6 provides a method to study
the stability of the polycycle I'. Indeed, taking also the previous observation into account,
it shows that

1. if d1(po) < O (respectively, > 0) then I is asymptotically stable (respectively, unstable),

2. if di(po) = 0 and da(po) < 0 (respectively, > 0) then T is asymptotically stable (respec-
tively, unstable), and

3. if di(po) = da(po) = 0 and dz(po) < 0 (respectively, > 0) then I' is asymptotically
stable (respectively, unstable).

Of course this is relevant because we have an explicit expression of these functions by
Theorem A. In this regard let us note that the first assertion is well known since d (119) < 0
is equivalent to require that AJA9A3 > 1, while the second assertion was already proved
by Gasull et al. in [8], see Theorem 1. On the contrary the third assertion constitutes a
new result to the best of our knowledge. O]

We give at this point the precise definition of independence of functions that we use in the
present paper.

Definition 2.8. Let us consider the functions g;: A — R for i = 1,2,...,k. The real variety
V(21,82 ---,8k) is defined to be the set of u € A such that g;(y) = 0fori =1,2,..., k. We
say that g1, %2, ..., 8k are independent at y, € V(g1,2,--.,8k) if the following conditions are
fulfilled:

(1) Every neighbourhood of y, contains two points py, 12 € V(g1,...,8k—1) verifying that
k(m1)8k(p2) < 0 (if k = 1 then we set V(g1,...,8k—1) = V(0) = A for this to hold).

(2) The varieties V(g1,...,8i), 2 < i < k—1, are such that if yg € V(g1,...,4i) then every
neighbourhood of i contains two points y1, yp € V(g1,...,8i—1) so that g;(u1)gi(p2) <O0.

(8) If o € V(g1) then every neighbourhood of p contains two points iy, 4z such that
81(p1)g1(42) <0.

It is clear that if ¢; € ¥1(A) fori = 1,2,...,k and the gradients Vg1 (px), Vg2 (ps) - - -, Vi (1)
are linearly independent vectors of RN*! then there exists a neighbourhood U, of p, such
that the restrictions of g1, 82, ..., gk to U, are independent at y,.

Lemma 2.9. Suppose that the equalities (c1,...,cx) = (di, ..., dx) between ideals over the local ring
R{p}y, hold for k = 1,2,...,n, where y, € V(c1,...,cu) = V(dy,...,dn). Then cy,...,c, are
independent at y, if, and only if, dq, . .., d, are independent at y,.

Proof. Let us assume for instance that cy,...,c, are independent at y, and prove that then
di,...,dy, are also independent. To this aim we note that the equalities (cy, ..., cx) = (d1, ..., dx)
for k =1,2,...,n imply the existence of two triangular matrices A = (a;;) and B = (b;;) with
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coefficients in R{y},, such that

ai 0 e 0
d.l * as» 0 “
dn C?’l
E ¥ Apn
and
bn O 0
C.l * bzz 0 d_l
Cn * *x by, i

Clearly R = (rj) := BA is also a triangular matrix with coefficients in the local ring R{p},,
and

rmp 0 - 0
C1 C1
* 7/'22 « o 0
c : : . : c
n * PR * ri’”’l n

We claim that, since cy,...,c, are independent at p,, then ri(p,) = 1 forallk =1,2,...,n.
The fact that this is true for k = 1 follows easily by continuity. Let us prove by contradiction
that this is also true for k > 2. So assume that 7 (p.) # 1 for some k € {2,...,n}. Then
the equality ¢y = rgc1 + ... + ricx implies that ¢ = ayc1 + ... + ag_1ck—1 Where each a; :=
11’;”}(}( is an analytic function at y,. This clearly contradicts the assumption that cy,...,c, are
independent at y, (see Definition 2.8). Hence the claim is true and, consequently, det(R) =
det(A)det(B) = 1at u = .. This shows, in particular, that A is an invertible matrix in the local
ring R{u},, and so there exists a neighbourhood U of i, such that ax(x) # 0 forall u € U
and k = 1,2,...,n. On account of this, the fact that dy,...,d, are independent at y, follows
easily noting that if we take any two points py, o € UNV(cy,...,cio1) =UNV(dy,...,di_1)
Verifying ci(yl)ci(yz) < 0 then we have that dl(l‘l/l])dz(‘uz) = ai,-(],tl)aii(yz)ci(yl)ci(yz) < 0. This
completes the proof of the result. O

Proof of Theorem A. Let us fix any pp € A and set )\? := Ai(po) for i = 1,2,3. Recall that the
limit cycles of X, near I' are in one to one correspondence with the isolated positive zeros of

9(s;u) = (Dyo D1 — D3)(s; 1)

near s = 0. If dy(pg) = 1 — AYAIAJ is not zero then by applying (a) in Theorem 2.6 we have
that, for any ¢ € (min()x(l])xg, 1/Ag),min()\(1) + A(l])\o, 1+ A?AO,2)\?/\8, 1+ 1//\0,2/Ag)),

. _ AMA 1/A 00
D(s;n) = a1 (p)s™"2 + az(p)s ' + Fp (po),
where a; and a; are analytic and strictly positive functions on A. Thus

lim s M 9(s;u) = a;(po) in case that AA < AJ
(s,1)=(0,pt0)

and

lim s VY%9(s;u) = ax(puo) in case that AJAY > AJ.
(/1) = (0p0)
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Since a;(po) # 0 for i = 1,2, this implies the existence of an open neighbourhood U of p and
¢ > 0 small enough such that Z(s; ) # 0 forall u € U and s € (0,¢) when AYA9AJ # 1. Hence
Cycl((T, X,,y), X;;) = 0 and the assertion in (a) is true.

In order to prove (b) we note that if d;(9) = 1 — AJA9A9 is equal to zero then, by (b) in
Theorem 2.6, we can assert that, for any ¢, € (0, min(1, A(l), )\?Ag)),

SR (s) = ba() @ (s;e(p)) + ba(p) + F5 (o), (2.13)

where « = 1/A3 — A1\, and by and by are analytic functions at y such that (b1) = (d1) and
(b1,b2) = (dy1,d2) over the ring R{p},,. The assumptions in this case imply that Z(s; uo) # 0,
b1(po) = 0 and, thanks to Lemma 2.9, that b; is independent at . Thus, given any ¢ > 0,
there exists s; € (0,¢) such that Z(sq; py) # 0. Let us assume for instance that Z(sq; o) > 0,
the other case follows verbatim. Then, thanks to (1) in Definition 2.8, there exists y; ~ o
with by (1) < 0 and, by continuity, such that Z(sq; u1) > 0. Moreover by applying Lemmas
A.3 and A4 in [14],

SN (50

- =bi(p) + _balw) + Fi_s(po) = x(pu) ass—0, (2.14)
w(s;a(p))

Zl(S,“H):: a)(S'a(y))

where
K (p) == b1 (p) — b2(p) min(a(p),0)).

Here we use that 1/w(s; a(p)) € F=(po) for any § > 0 and that lim,_9 1/w(s; #) = max(—a,0)
by assertions (a) and (b) in [14, Lemma A 4], respectively. Note on the other hand that, by
(b) in Theorem 2.6, by = aay and b, = a3 — a, where each g; is an analytic strictly positive
function. Thus «(p) = a(p)az(p) if a(p) < 0 and x(u) = a(p)ar () if a(u) > 0. Therefore,
since b; = wa;, we can write

Kk =binp withy > 0. (2.15)

Hence, on account of by (p1) < 0, we can assert that x(y1) < 0, which in turn, from (2.14), guar-
antees the existence of some s, € (0,s1) such that Z;(sp; u1) < 0. Thus 2(s1; u1)2(s2; 1) < 0
and, by continuity, Z(8; u1) = 0 for some § € (s2,51) C (0, ¢). This implies Cycl((T, X,,), X;,) >
1 as desired.

Let us prove (c) next, i.e., that if d>(j0) # 0 then Cycl((T, X,,), X,) < 1. Note first that to
this end we can also assume that d; (1) = 0, otherwise Cycl((T, X,,), X;) = 0. Consequently
the expression in (2.13) is valid. That being said, the proof will follow by applying the well-

known derivation-division algorithm. In doing so, from (2.14) and the fact that dsw(s;a) =
_ Sfafll

L — b2 (p) 0o
%Zilsip) = s¥(1)+1,2 (s;oc(y)) + Fip-1-5(Ho),

where the flatness of the remainder follows from (f) in Lemma A.3 of [14]. Therefore

"2 (500 () ) s Za (55 1) = ba(e) + Fio_ss (o) — ba(po) s (s, 1) = (0, po).

Recall at this point that (by) = (d1) and (b1, b2) = (di,d2) over the local ring R{yu},, by
Theorem 2.6. Thus, the assumptions d(yp) = 0 and da(p9) # 0 imply that ba(p) # 0. Ac-
cordingly, on account of the above limit and by Bolzano’s Theorem, we obtain ¢ > 0 such that
if ||u — po|| < e then Zq(-;u), and so Z( -; ), has at most one zero for s € (0, ¢), multiplicities
taking into account. Hence Cycl((T, X,,), X;) < 1 and (c) follows.
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Let us turn next to the proof of (d), in which the assumptions are Z( -; yp) # Id and that
di and dp vanish and are independent at py. Then Z(-;ug) # 0 and, due to (by) = (d1)
and (b1, by) = (dq,dy) once again, by and b, vanish and are independent at o by Lemma 2.9.
Thus, given any ¢ > 0, there exists s; € (0,¢) such that, for instance, Z(s1;0) < 0. Then,
by continuity and condition (1) in Definition 2.8, there exists 1 ~ o such that by(p1) > 0,
bi(p1) = 0and 2(s1; 1) < 0. Hence, from (2.13),

sV D(s;1) = ba () + F (po) — ba(n) ass — 0,

which shows the existence of s, € (0,s1) such that Z(sp; #1) > 0. For the same reasons we
can choose yp ~ iy satisfying Z(s1;u2) < 0 and Z(sp; p2) > 0 together with by (p2) < 0.
Then, from (2.14) and (2.15), lims_,0 Z1(s; 42) = b1(p2)n(p2) < 0 and so there exists s3 €
(0,s2) verifying that Z(s3; u2) < 0. By continuity there exist 81,8, € (0,¢) with D(§y; u2) =
D($2; 2) = 0. Accordingly Cycl((T, X)), X,,) > 2.

From now on, in order to prove (e) and (f), we assume AY < 1, A > 1 and A > 1. Then
by applying Theorem 2.6, for any {3 € (1, min(2, )\(1), 1/)\(3))),

D(s;ip) = (bi(p) w(s;a(p)) + ba(p) + ba(p)s + Fi2 (uo))s'/ 2 U(s; ), (2.16)

where b3 is an analytic function at yo verifying that (b, by, b3) = (dy,dz,d3) over the ring
R{p},, and U is an analytic function such that U(0; o) = 1. Hence

e 2(s; 1)
Zy(s;u):= s/ (s; a(p))U(s) 217)
— by() + wmw 0500 ey + Pl

where we use once again that 1/w(s;a(p)) € F=(po) for any § > 0. Note furthermore
that, for u ~ o, the positive zeros of Z(-;u) and Z,(-;u) near s = 0 are in one to one
correspondence because m tends to +co as (s, 1) — (0, uo). That being stablished
we begin first with the proof of assertion (e) and to this aim, besides d3(yp) # 0, we can
also suppose dq(po) = da(po) = 0, otherwise Cycl((T, X,,),X,) < 1 by (a) or (b), which
already have been proved. In this case, since (b1) = (d1), (b1,b2) = (d1,d2) and (b1, by, b3) =
(d1,d2,d3), it turns out that b3(pp) # 0. As in the proof of (c), we will apply to steps of the
derivation-division algorithm in (2.17). In doing so we obtain that

Za(s; ) o= s"W WP (s;00(t) )95 Za (55 1) = ba(p) + b3 (p) (s + s* W w(s;a(p))) + Foo_s (o),

where the flatness of the remainder follows by applying Lemmas A.3 and A.4 in [14] as
before and we use that dsw(s;a) = —s~%~1. Note also that the positive zeros of Z3(-;u) and
9sZ(-; 1) near s = 0 are in one to one correspondence for y =~ yo because w(s;a(u)) tends to
+oo as (s, u) — (0, o). Finally

dsZ3(s; )

W5 a() = (a(p) + 1)ba(p) + F,_1_6s(p0) — ba(po) #0 as (s, 1) — (0, po).

By applying twice Bolzano’s Theorem, we can assert the existence of some ¢ > 0 such that if
i — pol| < e then Zp(-;u), and so Z( -;u), has at most two zeros for s € (0, ¢), multiplicities
taking into account. Hence Cycl((F, Xuo), XP) < 2, which proves (e).

Finally, in order to prove (f) we suppose that Z( -; o) # Id and that dy, d» and d3 vanish
and are independent at . Consequently Z( -; o) # 0 and, due to the equality between the
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corresponding ideals over the local ring, by, b, and b3 vanish and are independent at o by
Lemma 2.9. Thus, given any ¢ > 0, there exists s; € (0, ¢) such that, for instance, Z(s1; uo) < 0.
Then, by continuity and condition (1) in Definition 2.8, there exists y1 &~ po such that b3(y1) >
0, b1(p1) = ba(p1) = 0and Z(s1; u1) < 0. Hence, from (2.16),

2(s; 1)

m :b3(‘ul)‘|‘f;3071(]/10) —>b3(]/l1) >0 aSS—>O,

which shows the existence of s, € (0,s1) such that Z(sp; u1) > 0. For the same reasons we
can choose iy ~ p; satisfying 2(sq; p2) < 0 and 2(sz; 42) > 0 together with by (yp) = 0 and
by(p2) < 0. Accordingly, from (2.16) again,

D (s; 4a2)

ToU(si 1) ba(p2) + b3 (p2)s + Fpy_1(po) — ba(pa) <0 ass — 0,

which shows the existence of s3 € (0,s2) such that 2(s3; 42) < 0. In the final step we take
Uz ~ yy satisfying Z(sq; u3) < 0and Z(sp; p3) > 0and Z(s3; u3) < 0 together with by (u3) > 0.
Then, from (2.14) and (2.15), lims_0s~ /% Z;(s; u3) = b1(u3)y(u3) > 0 and so there exists
sa € (0,s3) such that Z(s3; u3) > 0. By continuity there exist §1, 52,53 € (0,¢) with D(5;; u3) =0
for i = 1,2,3. Hence Cycl((T, X,,), X;,) > 3 and this completes the proof of the result. O

3 Applications

We begin this section by revisiting in Theorem 3.1 a family of Kolmogorov differential systems
that was first studied in [8], where the authors (following the notation in our statement) prove
that if uo = (a0, po,qo) verifies po +qo = 0 and ag # 0 then Cycl((T, Xy,), Xu) = 1, cf.
assertion (b).

Theorem 3.1. Consider the family of Kolmogorov differential systems

. % =x(1+x+x%+axy + py?),
y=y(-1—y+gx* +axy —y?),

where u = (a,p,q) € R® with p < —1 and q > 1 and let us fix any po = (ag, po,qo)- Then,
compactifying X,, to the Poincaré disc, the boundary of the first quadrant is a polycycle I such that:

(a) Cycl((T, Xu,), Xu) = 0if po+qo # 0.

(b) Cycl((T, Xy,), Xu) = 1if po+qo = 0 and ag # 0.

¢) The return map of X,,, along I is the identity if, and only if, ag = pvo + go = 0. In this case T
p Ho 8 Y Y PoT4q

is the outer boundary of the period annulus of a center at (xo,Yyo) with xg = Yo = —127 m
that foliates the first quadrant and, moreover, Cycl((T, X,,), Xy) = 1.

On the other hand the vector field X, has a unique singularity Q, = (v1,v2) in the first quadrant,

which is either a focus or a center, and has trace equal to T(p) = v + Zv% + 2av1Up — Uy — 20%.
Furthermore, the following holds:

(d) If T(po) # 0 then Cycl((Quys Xpo), Xu) = 0 and a sufficient condition for T(po) # 0 to hold is
that po 4+ qo = 0 and ag # 0.
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() If T(po) = 0and po + qo # 0 then Q,, is a weak focus of order 1 and Cycl((Qyy, Xy, ), X)) = 1.

(f) If T(po) = 0 and po + qo = O then ag = 0. In addition Q,, is a center if, and only if, po + qo =
ag = 0 and, in this case, Cycl((Quy, Xyo), Xu) = 1.

Finally it is not possible a simultaneous bifurcation of limit cycles from I and Q,,.

Proof. The assertions in (a) and (b) follow directly by applying Theorem A. Indeed, in this
case, following the notation in (1.1), f(x,y) = 1+ x + x> + axy + py® and g(x,y) = —1 —y +
gx% + axy — y?, so that

fa(x,y) = x* + axy + py* and g2 (x,y) = gx* + axy — y*.

Taking this into account, together with p < —1 and g > 1, one can easily check that the
assumptions H1 and H2 are verified. As a matter of fact the first assumption holds not
only for z > 0 but for all z € R, and this implies that the boundary of each quadrant is a
monodromic polycycle for the compactified vector field. Hence, by the Poincaré-Bendixson
theorem (see [21] for instance), there exists at least one singularity of X, inside each one of
the four quadrants. Due to deg(f) = deg(g) = 2, by Bézout’s theorem there exists exactly
one in each quadrant. From now on we denote the singularity of X, in the first quadrant by
Qu. That being said, the hyperbolicity ratios of the saddles at I' are A; = q%l, Ay =—(p+1)
and A3 = 1. Consequently the first assertion follows from (a) in Theorem A because

+
di(1) =1 AidaAs = Z_f (3.1)

The second assertion will follow by applying (b) and (c) in Theorem A. To show this we first
recall that

da(p) = Az log <£z> (1) +log (iz) (1) + MMz log (ii) (1)

and this leads us to the computation of the following improper integrals:

Auli):=log (Zﬁ = /01 ((fzjfg) (L2} 44 - (82g—2f2) (1) - 732) dZZ
Do (p):=log (Zi) (1) = /01 ((‘q;f) (0,1/2) + A2 = <£> (0,2) — ;3) %

As(p):= log (ii) (1) = /O1 <<J§> (2,0) + A3 — (f;g) (1/2,0) — )i) dZZ

These expressions have to be computed assuming that p +4 = 0, i.e.,, A;A; = 1. In doing so
we obtain that

Av(a,p,—p) = 2a /1 zdz  am
WP =P =120 Jo 2241~ 2(p+1)

and
L zdz (p+1)m
A rFr =—-A rFr = - 1 / = — .
2(a,p,—p) s@p—p)=—p+1) | Z 7 373
Therefore da(a,p, —p) = —% is zero if, and only if, a = 0. Taking this into account, the

combination of (b) and (c) in Theorem A shows that Cycl((T, X,,), X,) = 1 for any po =
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(a0, po, —po) with ag # 0, as desired. It is important to remark for the forthcoming analysis
that by applying the Weierstrass Division Theorem (see for instance [9,12]) we can assert that

da(it) = = + (p+ )h(p) (32)

for some analytic function h.

Next we proceed with the proof of (c).To this aim we fix any po = (ao, po,qo) and apply
Theorem 2.6, which gives the asymptotic expansion of Z(s; i) at s = 0 for p = po. This result,
taking (3.1) and (3.2) into account, shows that if Z(s; j19) = 0 then ap = po + qo = 0. In order
to prove the converse observe that if yio = (0, po, —po) then the vector field X,,, writes as

{x =x(14+x+ x% 4 Poyz),
y=—y(1+y+ pox* +y?).

One can easily check that Q,,, the only singularity of X, in the first quadrant, is a weak focus

_ 1+\/ *3*4}70

at the point (xo, o) with xg = yo = T
turns out that 0* X, = —X,; and so the vector field is reversible with respect to the straight
line y = x. Hence Qy, is a center and a straightforward application of the Poincaré-Bendixson
theorem shows that its period annulus fills the first quadrant, which in particular implies that
P (s;up) = 0.

So far we have proved that the return map of X, along I' is the identity if, and only if,
uo = (0, po, —po). Our next task is to show that, in this case, Cycl((F, X)), Xy) = 1. With this
aim in view we apply (b) in Theorem 2.6, which shows that if u ~ pg then

. Furthermore, setting o(x,y) = (y,x), it

D(s;n) = (bi(w) w(s;a(p)) + ba(p) +r(s;u))s'’, (3.3)
where & = 1/A3 — AMA, v € F§°(uo) with £ € (O, min(1, p;+11)) and, in addition,

(b1) = (d1) and (b1, b2) = (dy1,d2)

over the local ring R{},,. Consequently if u = (a, p, q) satisfies a = p + g = 0 then by (u) =
bp(u) = 0 and r(s; ) = 0. Furthermore, since the vectors Vdi (o) and Vda(up) are linearly
independent, see (3.1) and (3.2), the above equalities between ideals show that this is also the
case of Vb (po) and Vba(po). We can thus take (171, 72,13) € (Vbi(po), Vba(po)) and define
ba(p) = ma+12(p — po) + 13(q + po) so that v = ¥(p) := (b1(p),b2(n), bs(p)) is a local
analytical change of coordinates in a neighbourhood of y = pp. Note that ¥ maps yo to
03:= (0,0,0) and {a = p+q = 0} to {v; = v, = 0} and in addition
H1(s;v):= s‘”“@(s;y)‘ =1 w(s;&) + vy +7(s;v),
p=¥"1(v)

where & = &(v) := a(¥Y7'(v)) and 7(s;v) := r(s;' ¥ }(v)) € F;°(03). The key point is that
7(s;0,0,v3) = 0 implies, thanks to [17, Lemma 4.1], that 7(s;v) = vihi(s;v) + 12ha(s; v) with
hi € F;°(03). Accordingly

Ry (s;v) = vi(w(s; &) +hi(s;v)) +v2(1+ ha(s;v)). (3.4)
Observe that if s — 0" and v — (0,0,0) then the factor multiplying v; tends to +co, whereas

the factor multiplying v, tends to 1. Here we use Definition 2.3 and that lim ,)_, 0y w(s; &) =
+00. We claim that there exists sy > 0 and an open neighbourhood U of v = (0,0,0) such that

X1(s;v) vt 1+ hy(s;v)
w(s; &)+ (s;v) 2cu(s;&) + hi(s;v)

Ko (s;v) =
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has at most one zero on (0,sg), counted with multiplicities, for all v = (v, 12,v3) € U with
v2 4+ v3 # 0. This will imply that Cycl((T, X,,), Xx) < 1 because #x(s;0,0,v3) = 0, so that it
has not any isolated zero. The claim is clear in case that v, = 0. To tackle the case v, # 0 we
compute the derivative with respect to s to obtain that

14 Fo 14 Fp°
PN L S .
%2(5,1/) = 170 <w(s;&) +FZO) Vp0s (w(s;&)(l —|—.7'-[?°g>>

1 + ‘T_;i V2 vy
= 8 € = — 1 00 2 1
12 < w(s; &) ) S"‘“aﬂ(s;&)( +F) + w(s;&)]:é—gfl
= va 0 a+1 P 00 o 1% o
= m(l +f£_s+sa (,()(S,“).Ff_e_l) = W(l +‘F£_3£)~

Here, in the second equality we apply first assertion (c) of Lemma A.4 in [14] to get that
1/w(s; &) € F<,(03) for all € > 0 small enough, due to &(03) = 0, and use next that F>,F;° C
Fi2, from (g) of Lemma A.3 in [14] . In the third equality, on account of 1= —1 € F;° and by
(h) of Lemma A.3 in [14] , we use first the inclusion %ﬁwe C 1+ F;°,. Then, by using (d) and
(g) of Lemma A.3 in [14] , we expand the numerator to get that (14 F°)(1+ F;°,) C 1+ F;°..
Next, in the fourth equality we use that dsw(s;a) = s~*~! and assertion (f) of Lemma A.3 in
[14] to deduce that d;F;° . C F;°, ;. Finally in the last equality we apply (c) of Lemma A.4 in
[14] to get that s**lw(s; &) € F;°,. and we use again that F{°, F°. | C F;°,.. On account
of Definition 2.3 we can assert the existence of some sy € (0,1) and a neighbourhood U
of v = (0,0,0) such that #Z}(s;v) # 0 for all s € (0,s50) and v € U with v, # 0. Hence the
application of Rolle’s theorem shows that the claim is true for v, # 0 as well. So far we have
proved that Cycl((T, X,,), X,;) < 1. The fact that this upper bound is attained follows by
applying the assertion in (b) taking po = (ao, po, —po) with ap ~ 0 but different from zero.
This completes the proof of (c).

Let us turn now to the proof of the assertions regarding the singularity of X, at Q,. The
approach here is rather standard and the technical difficulty is that we do not dispose of a
feasible expression of the coordinates of Q,. To overcome this problem we shall parametrise
the family of vector fields more conveniently. For reader’s convenience we summarise the
chain of reparametrisations that we shall perform:

w=_(ap,q) — (a,pe) = (v1,02,€) = (v1,02,T) = fi = (p,0, T).

For the first one we simply introduce ¢ = p + 4. In the second one we take the coordinates of
the singular point Q;, = (v, v2) as new parameters, i.e., we isolate 2 and p from

1401 + v} +avivy + pv3 =0, (3.5)
1+va+ (p—€)v? —avivp + v3 = 0, '
to obtain
a:_v%v%s+v‘f—v§+v%—v§+v%—v% and p— vie—vi—vi—v1—v, -2
V10 (V3 +03) v 4 v3

In this respect we point out that v; and v, are strictly positive because Q is inside the first
quadrant for all admissible y. More important, the map ¢ : (a,p,€) — (v1, vz, ¢€) is smooth
and, taking (3.5) into account, injective. The smoothness follows by the Inverse Function
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Theorem since one can check that the determinant of the Jacobian of (vy,v2,€) — (a,p,¢€) is
non-zero at the image by ¢ of any admissible parameter. Then one can check that the trace of
the Jacobian of the vector field at (x,y) = (vq,v2) is

xfr(x,y) +ygy(x,y) ] () =(or,00) = V1 + 207 + 2av105 — Uy — 203

a=a(vy,0y,€)

_2€U%U% + (v1 — v2)(v1 + 2+ v2) (V1 + v2)
vi+v2

4

and we introduce T = T(v1, U, €) isolating & from
260305 + (v1 — 1) (V1 + 24 1) (V] + 1) = T. (3.6)

In other words, T is (up to a non-vanishing factor) the trace of the vector field. Finally, for
convenience, we define p = Y52 and ¢ = “3*2. Observe then that {p + g = a = 0} becomes
{p = T = 0}. In what follows, setting jI = (p, o, T) for shortness, we denote the vector field by
Xj. Let us also remark that the map u +— I is smooth and injective as a consequence of the
previous discussion.

At this point we claim that Q,, is either a focus or a center. To show this we will check
that the discriminant D, of the characteristic polynomial of the Jacobian matrix of X, at Q,
is strictly negative for all admissible parameter. Indeed, one can verify that D, expressed in
terms of (v1, Uy, €) can be written as

D — 4(v1v)%e? + A1 (v1, v2)e + Ag(v1,v2)
: W+ |

where A; are polynomials of degree 7. Thus D, = 0 gives two roots ¢ = gi(v1,09), fori =1,2,
that one can check to be well-defined continuous functions on V := {(v1,v2) € R? : v; >
0,vp > 0}. To see the claim we first prove that, fori = 1,2,

(p+1)(qg— 1)‘£:éi >0 forall (vy,vp) €V. (3.7)

This implies that D, can not vanish at an admissible parameter due to the assumptions p < —1
and g > 1. In this regard we note that the product (p + 1)(g — 1) expressed in terms of
(v1, 02, €) is given by

(v1v2)%€? + By (v1,v2)e + Bo(v1,v2)
(v + v3)?

(p+1(g-1) =

7

where deg(B;) = 3 and deg(Bj) = 2. A computation shows that the resultant (see [4, Chapter
3] for instance) between the numerators of D, and (p +1)(g — 1) with respect to ¢ is a polyno-
mial in v1 and v, with all the coefficients being natural numbers. Consequently the resultant
does not vanish on V and, accordingly, (p +1)(g —1)|e=¢, # 0 for all (v1, v2) € V. Thus, since
V is arc-connected and the function (v, v2) — (p+1)(q — 1)|e=, is continuous on V, it suf-
fices to verify (3.7) at some particular choice of parameter. For instance, taking v; = v, = 1 we
obtain that (p +1)(g — 1)|e=¢, = 92 for i = 1,2. Therefore D,, # 0 at any admissible parameter.
Thus, exactly as before, since u +— D, is continuous and the set of admissible parameters is
arc-connected, the claim will follow once we verify its validity at some particular parameter.

For instance the choice y = (0, —2,2) yields D, = _67%75\/5 <0.
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We proceed now with the study of the cyclicity of Q.. The fact that Cycl((Qyu,, Xy), Xu) =
0 when T(yo) # 0 is well-known. On the other hand, if p + g = 0 then ¢ = 0 and

T(Ul,vz,O) = (U1 — Uz)(U] +2+ Uz)(Ul + Uz),

which vanishes at an admissible parameter if, and only if, vy = vy. For this to happen, see
(3.5) with € = 0, it is necessary that 2 = 0. This proves the validity of (d).

We shall next solve the center-focus problem in the family. With this aim in view, taking
a local transversal section at Q, we consider the displacement map Z(s; f1), which extends
analytically to s = 0, so that we can compute its Taylor’s expansion

P(s: 1) = m(p)s + ma(f)s® + s ()s® + sR(s; ),

where the remainder R is o(s?). Recall that the trace of X; at Qp is equal to Tus (1), where
uy is a unity. The coefficients 7; are called the Lyapunov quantities of the focus. We have in
particular (see for instance [19, p. 94]) that 51 (1) = ™ (®) — 1 = Tuy(j1), where uy is again a
unity. Since the first nonzero coefficient of the expansion is the coefficient of an odd power
of s, see [19, p. 94] again, we get that #2(f1) = T¢1(f1) for some analytic function ¢;. In order
to obtain #3 we shall appeal to the well-known relation between the Lyapunov and focus
quantities which, following the notation in [19, Theorem 6.2.3], we denote by g;;. The first
ones are the coefficients in the Taylor’s expansion of the displacement map that we already
introduced, while the second ones are the obstructions for the existence of a first integral.
It occurs that 741 — 7gii € (g11,.-.,8i-1,-1) and, more important for our purposes, that
73 = 1tg11.- On account of this we can compute g7 instead of 773, which is easier to obtain, and
in doing so (see [3, p. 29]) we get that

20(p—0) (0 +1) (44 340 + 2902 + 80° — 3p?)
3(p+0)° (0+20+202 +20% +2)*

()| ,_g =7 .
In this respect we claim that #3(f2)| __, = ph(p, o) with h(p, o) # 0 in case that [p| < ¢, which
corresponds to the admissible values vy, v2 > 0 dueto p = %52 and ¢ = W Indeed, it is
clear that the factor (p — ¢)(c + 1) does not vanish inside the admissible set, while the other
one does not vanish neither because

4+ 340 + 2907 + 802 — 3p* > 4+ 340 + 2607 + 807 > 0,

where the first inequality follows using that |p| < ¢ and the second one the fact that o > 0.
Hence the claim is true. Therefore, if Q, is a center then T = p = 0, and the assertion in (c)
shows that these two conditions are also sufficient because {p+¢q =a =0} = {T = p = 0}.
Observe moreover that we can write #3(f1) = Tl2(j1) + ph(p, o) for some analytic function /5.
On the other hand, due to R(s; fI)|p=r=0 = 0, we can also write R = TR + pR, with R; € o(s?)
and, accordingly,

D(s;u) = ts(uz + l1s + l25* 4+ Ry) + ps (hs2 + R»). (3.8)

Note that if 7(y) = 0 and ¢ = p + g # 0 then p = 52 must be different from zero because
otherwise, from (3.6), we would get that ¢ = 0. Consequently, due to h(p,o) # 0 for all ad-
missible p and ¢, the equality in (3.8) implies Cycl((Qyu,, Xy,), Xu) < 1in case that T(p) = 0
and po + g0 # 0. The fact that this upper bound is attained follows by means of an easy per-
turbative argument using that 0. 7(i) = —2v?v3 # 0. This proves the validity of the assertion
in (e).
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In order to prove (f) note that if 7(u) = 0 and € = p 4 q = 0 then, from (3.6), p = %52 =
0. Hence, from (3.5), 2avyv; = 0, which implies 4 = 0 and shows the first assertion. That
being stablished, we have already proved that Q,, is a center if, and only if pg + g0 = ag = 0.
We show next that, in this case, Cycl((Qyo, XHO), Xy) < 1. Indeed, since u; is a unity we can
consider

o D(s; fr) _ hs? + Ry

7lsif):= s(up + b5+ 62+ Ry) T+pu7_+ﬁls+€7_s2 + Ry
The upper bound for the cyclicity of Q,, in the center case will follow once we prove that
there exist sy > 0 and an open neighbourhood U of (p, o, T) = (0,5,0) such that 2 (s; i) has

at most one zero on (0, sp), counted with multiplicities, for all # € U with p? 4+ 12 # 0. Recall

1+,/—3-4 .
~ ey > 0
the first component of Q,,. The idea to show this is exactly the same as in the proof of (c)

but with less technicalities because the involved functions are analytic at s = 0. The desired
property is evident when p = 0. In case that p # 0 we compute the derivative of ; with
respect to s to obtain

in this regard that % (s; fI)|,—c—0 = 0 and that, on account of (c), & =

9sZ1(s; 1) = ps(2h/uz +o(1)).

Since h(p,o) # 0 in case that |p| < ¢ and uy = uy(f1) is a unity, the existence of the desired
sp > 0 and the open neighbourhood U follows by Rolle’s theorem. So far we have proved
that Cycl((Qyuy, Xyuo), Xu) < 1if po+qo = ap = 0. The fact that this upper bound is attained
follows noting that we can take u = (a,p,q) with T(4) = 0 and p + q # 0 arbitrarily close to
to = (0, po, —po) and apply then the assertion in (e). This proves (f).

Let us turn now to the proof of the last assertion in the statement. Observe in this respect
that the combination of (a) and (b) together with (d) and (e) shows that a simultaneous
bifurcation of limit cycles from I' and Q), can only occur if we perturb some i, = (a4, px, 4+)
with a, = p, + g, = 0. We shall prove by contradiction that this is neither possible. So assume
that for each n € IN there exist u, = (ax, pn,qn) and two limit cycles 7, and 7y}, of the vector
field X, in the first quadrant such that the Hausdorff distances dy(v,,T) and dy (7, Qu,)
tend to zero and y, tends to y, as n — +o0. Let us consider the asymptotic expansion of the
displacement map of X, at the polycycle I that we compute in (3.3) and denote it by Z,(s; u).
We also consider its Taylor’s expansion near the focus Q, given in (3.8) and denote it by
P:(s'; ). Then the assumption implies the existence of two sequences s, — 0" and s, — 0T
such that Z,(s,; ) = 0 and Z,(s); un) = 0 for all n € IN. We claim that the first equality
implies that

lim Prtin _ . (3.9)

n——+oo ay

Indeed, from (3.4) we have that

ﬁl(sn;v)}v:‘y(ﬂn) = U1 (pn) (w(sn;(pn)) + h1(sn;v)) + b2 (pn) (1 4 ha(s;v)) ‘v=‘1’(yn) =0

for all n € IN. Thus, due to lim, e w(Sy; &(pn)) = +oo and h; € F;°(03), we obtain that
limy, 4o % = —o0. Moreover, since (b1) = (dq) and (b1, bp) = (dy,dz) with Vd; and Vd,
independent at y = i, we can write

by  Kidy + Kada

by kadq

with ®;(p«) # 0 and, consequently, lim,_, | iigz Zg = o0. This, on account of (3.1) and (3.2),

gives the limit in (3.9) and so the claim is true. Recall on the other hand that in order to study
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the displacement map near the focus Q, we use a more convenient parametrisation given by
fi:= (p,0,7) = ¢(u). That being said, setting (on, 0, Tn):= ¢(an, pn, gn), similarly as we argue
before, the fact that Z.(s),; u,) = 0 for all n € IN implies from (3.8) that

lim 2 = 0. (3.10)

n——+0o0 pn

Let us remark that here we also take into account that u; is a unity. We next arrive to contra-
diction showing that (3.9) and (3.10) cannot hold simultaneously. Indeed, one can verify that,

. 144/ —3—4p,
setting o, = S i

2(1+ps) 7

B Npmgi(ae) P77 2T = pa(200 + 1) (07 + 07)

:4(3%"’0}% Tn/Pn+Un(Un+2) 4(0'*+2)

— 0asn — +oo.
R =02 70 pn— Con T )R 40D (2ot 1) T

Here, in addition to (3.10), we use that if p 4+ g and a tend to zero then p — 0 and 0 — 0,
where o is precisely the first component of the center at Q,, (which is in the diagonal of the
first quadrant). This shows that (3.9) and (3.10) cannot occur simultaneously, which yields to
the desired contradiction and finishes the proof of the result. O

The following is our second example of application of Theorem A. In this case the family
of Kolmogorov’s systems is five-parametric and to the best of our knowledge it has not been
studied previously.

Theorem 3.2. Consider the family of Kolmogorov differential systems

" {x =x(c+x®+axy — (p+1)y?),
o=y (D (a - by — ),

where y = (a,b,c,p,q) € R> withc > 0, p > 0,9 > 0and b < 2,/pq and let us fix any
o = (ao, bo, co, po, qo). Then there exists a unique singular point Q, in the first quadrant, which is
either a center, a focus or a node. Moreover, compactifying X,, to the Poincaré disc, the boundary of the
first quadrant is a polycycle T such that:

(a) Cycl((T, Xyu,), Xu) = 0if po — cogo # 0.
(b) Cycl((T, Xy,), Xu) = 1if po — cogo = 0 and 2coqoao — (coqo — co + 1)by # 0.

(c) The return map of X,, along T is the identity if, and only if, po — coqo = 2coqodo—
(cogo — co + 1)by = 0. In this case Qo s a center with first integral

qo(x* + co(y* +1)) — boxy

H(x, ]/) = 2
(xyc()) c090+co+1

which foliates the first quadrant. Moreover T is the outer boundary of its period annulus and, in
addition, Cycl((T, X,,), X,) = 1.



On the cyclicity of Kolmogorov polycycles 25

Remark 3.3. In contrast to the family of Kolmogorov’s cubic systems studied in Theorem 3.1,
for the family in Theorem 3.2 there exist parameters yo with di(po) = 0 and da(po) # 0, so
that Cycl((T, X,,), X;;) = 1, and satisfying additionally that the unique singular point Q,, in
the first quadrant is a non-degenerate node. Hence, for appropriate y ~ po we will have a
limit cycle 7, with a non-monodromic singular point Q, as unique singularity in its interior.
For instance, the choice py = (—800.01, —900.99999, 1000, 1,0.001) leads to this phenomenon
with Q, = (0.1,10). A similar occurrence is observed in [2, p. 203] to take place in the family
of cubic Liénard systems studied in [7]. O

Proof of Theorem 3.2. In this case, following the notation in (1.1), we have that
flryp)=ct+x’+axy—(p+1)y* and g(x,yip)=—1+(q9+1)x*+ (a—b)xy —y*

Since f(z,0;u) = c+2%, ¢(0,z;u) = —1—2z% and (f» — £2)(1,z;4) = —q + bz — pz?, one can
check that the hypothesis H1 and H2 are satisfied for the admissible parameters, i.e., ¢ > 0,
p>0,9>0and b < 2,/pg. Moreover the hyperbolicity ratios are

AM=1/g, Ay=p and Az=1/c (3.11)

Then T' is a polycycle and by applying the Poincaré-Bendixson theorem we deduce the ex-
istence of at least one singular point of X, in the first quadrant. We claim that there exists
exactly one. In order to show this we suppose that (vy, v2) is a singular point of X, in the first
quadrant and solve f(v1,vo; u) = 0 and g(v1, vp; u) = 0 for a and b as a function of ¢, p, g, v1
and v,. In doing so we obtain that

2 2 2 2 2
vy —Uv;+U;—¢C v5+guy—c—1
g=P27 1T and b=F27T14% .
U1U2 [N %]

The substitution of these values in f + cg, which is homogeneous of degree 2 in x and y, yields

x2(vy —rv1) (rva(c+p+1) +vi(cg+c+1))

(f+eg) ey, = o .

It is clear then that the vanishing of the above numerator provides the possible values of r
such that X, has a singular point at the straight-line y = rx, namely,

}’1:%>0 and rzz_w
U1 va(c+p+1)

Since x — f(x,711x) = ¢+ x*(1 +ar; — (p + 1)r?) vanishes at x = v; > 0, it must have
another real zero, which has to be negative. Therefore X, has exactly one singular point in
the first quadrant and exactly one singular point in the third quadrant, showing in particular
the validity of the claim. An easy computation shows that the determinant of the Jacobian of
Xy at Qu = (v1,v2) is equal to 2v%(cq + ¢ + 1) +2v3(p + ¢ + 1) > 0, so that it can be a center,
a focus or a node.

So far we have proved that the first assertion in the statement is true. Let us turn to the
proof of the assertions in (a), (b) and (c). The first one follows from (a) in Theorem A because

C J—
di(p) =1 — AAsdg = ch P, (3.12)
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The second assertion will follow by applying (b) and (c) in Theorem A. In this regard let us
recall that

L L L
dy () = A2 log (”) (1) +log (”) (1) + A1Az log (31> (1). (3.13)
Ly L3> Ly
On account of the definition of each L;;, see (1.2), we easily obtain that

1+c(g+1
IOngl(l) = SZ)
1+c(g+1
2c

log(c+1),

log L31(1) = ) log (1/c+1), (3.14)

log 2
log (1) = log Ly (1) = %(p+c+ 1).

Moreover
1 /Y mz+n 1 Y mz+n
log le(]_) = q/o mdz and log LZl(].) - P/O mdz,
where
m:=—(pg+p+9q), n:=qga+b and n':=p(b—a)+b. (3.15)

The explicit integration of these functions leads to several cases depending on the parameters.
To avoid this we note that

mz+n _m  —2pz+b 1 mb+2np

—pz2+bz—gq __ﬂ—pzz+bz—q+2p—pzz+bz—q'

so that

o om p+q—1b mb+2np 1 dz
log L1z(1) = ZPqIOg( q >+ 2pq  Jo —pHbz—q

It is clear that the same formula holds for log Ly;(1) replacing p, g and n by g, p and n’,
respectively. On account of this and the fact that, from (3.15), mb + 2n'q = —mb — 2np, we get

log (£2) (1) = Iog Lia(1) ~log L (1) = —57 log (£ )+ (mb + 209)0), @16

where

1 1 1
q)(”)'_qu/o (—P22+bz—q+ —qzz+bz—p) z

Notice, and this is the key point in the forthcoming arguments, that ® is a non-vanishing
function because, thanks to property H1, ®(¢) < 0 at any admissible parameter . On the
other hand, from (3.14),

log <€i> (1) = —(1+gc+cq)logc and log <L22> (1)=0. (3.17)

Accordingly the substitution of (3.16) and (3.17) in (3.13) yields

n l1+c+c
da(p) = —Elog <Z> + p(mb +2np)d(u) — p(zch)IOgc
1
- W log (Z) +p(2pga— (pqg — p +q)b) P(n) — p(—;;j@ logc,
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where in the first equality we set the values of the hyperbolicity ratios given in (3.11) and in
the second one the expressions of m and n defined in (3.15). Observe at this point, see (3.12),
that dy(u) = 0 if, and only if, p = ¢q. Moreover the two logarithmic summands in the above
expression of dy(y) cancel each other after the substitution p = ¢g, so that

dg(‘ll)‘pch = cq*(2cqa — (cq — c +1)b)P(a, b,c,cq,q).

Thus, by the Weierstrass Division Theorem (see [9,12]), there exists an analytic function x;
such that

da(p) = di(p)x1(p) + (2cqa — (cq — ¢ +1)b)xa (), (3.18)

where 13 (i) := cq?®(u) is a unity in the admissible set. This expression shows that if we take
an admissible parameter po = (ao, bo, co, po, g0) such that po — cogo = 0 and 2cogoa0 — (cogo —
co+1)by # 0 then dy(y10) # 0, which by (c) in Theorem A implies that Cycl((T, X,,), X,) < 1.
The fact that Cycl((T, X,,), X,;) = 1 follows by applying (b) in Theorem A because Vd; (i)
is not the zero vector, see (3.12). This proves the validity of the assertion in (b).

To show (c) we take any uo = (ao, bo, co, po, go) satisfying po — coqo = 2cogoao — (coqo — co +
1)bp = 0. Then one can verify that the function

go(x* +co(y> + 1)) — boxy

(xyCO ) coqofcoJrl

H(x,y) =

is a first integral of X, which is clearly analytic on the whole first quadrant. (For reader’s
convenience let us mention that we found this first integral looking for an integrating factor
of the form x"y* with r,s € R.) Thus, since the determinant of the Jacobian of X, at Qy,
is strictly positive, we can assert that it is a center. A straightforward application of the
Poincaré-Bendixson theorem shows that I' is the outer boundary of its period annulus, which
fills the first quadrant. This proves that if pg — cogo = 2coq0a0 — (cogo — co + 1)bp = 0 then
the displacement map Z( -;uo) of X, along I is identically zero. The converse follows by
Theorem 2.6 noting that dy(y) = d2(p) = 01if, and only if, p — cq = 2cqa — (cg —c+1)b = 0.

It only remains to be proved that Cycl((T, X,,), X,) = 1. This follows verbatim the proof
of the same fact in assertion (c) of Theorem 3.1 and so we shall omit the details for the sake
of shortness. Indeed, by () in Theorem 2.6 we have that if y ~ o then

P(s;p) = (br(p)w(s;a(p)) + ba(p) +1(s; 1))s,

where &« = ¢ — p/q and r € F°(uo) with £ € (0,min(1,p)). Here we use that the three
hyperbolicity ratios are A; = 1/q, A» = p and A3 = 1/c. We also have that (b;) = (dq)
and (b1, bp) = (dq,d2) over the local ring R{u},,. Therefore, if u = (a,b,c,p,q) verifies
p—cq = 2cqa— (cq—c+1)b = 0 then bi(y) = ba(p) = 0 and r(s;u) = 0. Moreover,
since Vdi(ug) and Vdz(po) are linearly independent, see (3.12) and (3.18), this is also the
case of Vb (po) and Vby(pp). We can thus take three linear functions, say b3(u), ba(p) and
bs(p), such that v = ¥ (i) := (by(n),ba(p), b3(p), ba(p),bs(p)) is a local analytic change of
coordinates in a neighbourhood of y = py with ¥ (up) = 05:= (0,0,0,0,0). Notice then that ¥
maps {p —c¢q =2cqa — (¢q —c+1)b = 0} to {v; = v» = 0} and, moreover,

H1(s;v) = s‘c‘@(s;y)‘y:wil(w =1w(s;&) + vy +7(s;v),

where & = &(v):= a(¥~1(v)) and ?(s5;v):= r(s; ¥ 71 (v)) € F°(05). Due to #(s;0,0,v3, va, v5) =
0, by applying [17, Lemma 4.1] we can write the remainder as ?(s;v) = v1hi(s;v) + v2ha(s; v)
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with h; € F;°(05) and, consequently,
1 (s;v) = vi(w(s; &) +hi(s;v)) +v2(1+ha(s;v)).

From this expression we conclude that there exists sy > 0 and an open neighbourhood U of
v = 05 such that % (s; v) that has at most one zero on (0, sp), counted with multiplicities, for
all v = (v1,v2,v3,vs,v5) € U with v +v3 # 0, which implies that Cycl((F, Xyuo), XH) < 1. The
proof of this follows exactly as we argue to show the same fact in Theorem 3.1, cf. (3.4), and
it is omitted for brevity. Finally the fact that Cycl((T, X,,), Xy) > 1 follows taking u1 ~ o
with p1 — c191 = 0 and 2¢1g141 — (c191 — ¢1 + 1)b1 # 0, and applying the assertion in (b). This
completes the proof of the result. g

Remark 3.4. In order to prove Theorem 3.2 it is only necessary to compute the functions d; and
dy in Theorem A, which give the conditions for cyclicity 0 and 1, respectively. Let us explain
that, as a matter of fact, we computed the function dz as well, realizing that it vanishes when
dy = dp = 0. It was this fact that lead us to investigate if the return map along the polycycle
is the identity in that case. For completeness let us explain succinctly the computations that
involve the obtention of d3 for the Kolmogorov’s family considered in Theorem 3.2. Recall,
see (e) in Theorem A, that

dg(]/l) = Mg()\g, 1)L11(1) — M] (1/)\1, 1)L31(1).

In this case, cf. (3.14), we have that

1+(g+1)c 1+(q+1)c

Liy(u) = (14cu®) = and Lay(u) = (1+u?/c) =

and then, from the definition in (1.2),

1+(q-3)c

My (u) = (1+ cuz)ﬂgic (ag+b+ (cb — (c + 1)a)u?)

and
1+(g-3)c

Ms(u) = —u (1+u*/c) *  ((ag+b)u*+cb— (c+1)a)/c%

In order to proceed with the computation of ]\7[1(%1,1) and M;(A3,1) we note that if
J(x;m,7):= (14 nx?)" with 7 > 0 and r € R then

1
J(a,1;m,7) = / (1+yx*) x*dx = —%zlﬁ(—r, —0/2;1—wa/2;—n) foralla <0,
0

where in the first equality we apply (b) in Proposition 2.5 with k = 0 and in the second one
we use the equality in [1, 15.3.1] to express the definite integral as a hypergeometric function.
In principle the above equality is only true provided that « < 0. However, its validity can
be extended to any a ¢ IN thanks to the meromorphic properties of the functions »F; and |
established, respectively, by [17, Lemma B.2] and (d) in Proposition 2.5. Consequently, thanks
to this observation and applying twice the above formula, we get

ag+b

. b—(c+1
My (1/A,1) = e ¢1(c,q) +M

2 _ q QDZ(C, Q)/

where
p1(c,q):=2F((3—¢)/2—1/(2¢), —q/21— /2 —c),
¢2(c,q9):=2F((3—9q)/2—-1/(2¢),1—q/2;2 —q/2;—c).
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Here we also use that if & = f + ¢ then i, = f, + ¢, and that if f(x) = x"g(x) then f,(x) =
x"§y—n(x), see [16, Corollary B3]. Similarly

. _aq+b cb—(c+1)a
Ms(A3,1) = =30 ¢3(c,q) + -0 pa(c,q),

where
@3(c,q):=2F((8—9q)/2—-1/(2c),3/2—1/(2c);5/2 —1/(2c); =1/c),
@a(c,q):=2F((8—9q)/2—1/(2c),1/2—1/(2¢);3/2—1/(2c); —1/c).

In the proof of Theorem 3.2 we show that dy(u) = da(u) = 0 if, and only if, u = (a,b,¢,p,9)

verifies p = c¢q and a = b(lfzgcq). Long but easy computations show that, under these two

conditions, d3(¢) = 0 if, and only if,

_ ltctog c—1

1_q3c¢3(c,q)—§04(c,q)+c = <¢1(crq)+q_2¢z(aq)>=0-

This is an equation for b, ¢ and g that involves four hypergeometric functions. Surprisingly
enough it turns out, by applying the formula in [1, 15.3.7], that the function on the left hand
side of the above equation is identically zero. In other words, di(po) = da(po) = 0 implies
dg(]/lo) = 0. O
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